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Abstract 



We solve the problem of constructing all chiral genus-one correla- 
tion functions from chiral genus-zero correlation functions associated 
to a vertex operator algebra satisfying the following conditions: (i) 
V( n ) = for n < and V( ) = CI, (ii) every N-gradable weak V- 
module is completely reducible and (hi) V is C2-cofinite. We establish 
the fundamental properties of these functions, including suitably for- 
' mulated commutativity, associativity and modular invariance. The 

method we develop and use here is completely different from the one 
previously used by Zhu and other people. In particular, we show that 
| the ^-traces of products of certain geometrically-modified intertwining 

■ operators satisfy modular invariant systems of differential equations 

which, for any fixed modular parameter, reduce to doubly-periodic 
systems with only regular singular points. Together with the results 
obtained by the author in the genus-zero case, the results of the present 
paper solves essentially the problem of constructing chiral genus-one 
weakly conformal field theories from the representations of a vertex 
operator algebra satisfying the conditions above. 
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Introduction 

The present paper is one of the main steps in the author's program of con- 
structing conformal field theories in the sense of Segal [HI] [S2j [S3j and 
Kontsevich from representations of suitable vertex operator algebras. We 
construct all the chiral genus-one correlation functions from chiral genus-zero 
correlation functions (or equivalently, from intertwining operators) for a ver- 
tex operator algebra satisfying suitable natural conditions, and we establish 
their fundamental properties, including suitably formulated commutativity, 
associativity and modular invariance. Together with the results previously 
obtained by the author in the genus-zero case, the results of the present 
paper solve essentially the problem of constructing chiral genus-one weakly 
conformal field theories. The results of the present paper imply the rigidity of 
the ribbon tensor category of modules for a suitable vertex operator algebra. 
Together with the results in the genus-zero case and the results obtained by 
Moore and Seiberg in |M5T] and |MS2j , the results of the present paper also 



imply the Verlinde conjecture that the fusion rules are diagonalized by the 
action of the modular transfermation given by r i— ► — 1/r. These applica- 
tions will be discussed in [H10J and |Hllj . We believe that the results of the 
present paper will be interesting and useful not only to people working on 
vertex operator algebras and conformal field theories, but also to people in 
other related fields. 

In |H3j , |H4j , |H5j , |H6j , [H8j and |H9j , the author has constructed a chiral 
genus-zero weakly conformal field theory in the sense of Segal |S2j |S3j from 
representations of a vertex operator algebra satisfying the Ci-cofmiteness 
condition and certain finite reductivity conditions. The genus- zero part of the 
program is thus more or less finished. The next natural step is the construc- 
tion of all the chiral genus-one correlation functions and the proof of their 
basic properties. In |7j, Zhu constructed chiral genus-one correlation func- 
tions associated to elements of a vertex operator algebra V from ^-modules 
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when V satisfies the CVcofiniteness condition and certain (stronger) finite 
reductivity conditions, and he proved their basic properties, including mod- 
ular invariance. Zhu's work was generalized by Dong-Li-Mason JDLMj to the 
case of twisted representations of vertex operator algebras and by Miyamoto 
|Mlj to the case of chiral genus-one correlation functions associated to ele- 
ments of modules among which at most one is not isomorphic to the alge- 
bra. Miyamoto |M2j further constructed certain one-point chiral genus-one 
correlation functions involving logarithms when the vertex operator algebra 
satisfies only the CVcofiniteness condition. 

The method used by Zhu, Dong-Li-Mason and Miyamoto depends on 
the commutator formula for (untwisted or twisted) vertex operators or the 
commutator formula between vertex operators and intertwining operators. 
These formulas were needed to find recurrence relations such that the study 
of the formal g-traces of products of more than one operator can be reduced 
to the study of the formal g-traces of vertex or intertwining operators, not 
products of such operators. 

However, this method cannot be generalized to give a construction of gen- 
eral chiral genus-one correlation functions because there is no commutator 
formula for general intertwining operators, instead see |Hlj . Note that chi- 
ral genus-one correlation functions are the the main objects to construct in 
the genus-one case. Also, most of the conjectures in chiral genus-one weakly 
conformal field theories can be formulated and proved directly using these 
correlation functions. For example, based on the assumptions that all the 
chiral genus-zero and genus-one correlation functions have been constructed 
and the desired properties (including the duality properties and the mod- 
ular invariance) hold, Moore and Seiberg in |MSlj and |MS2j derived the 
genus-one coherence relations and proved the Verlinde conjecture |VJ (the 
diagonalization of the fusion rules by the action of the modular transforma- 
tion t h -1/t). It turns out that the proof of the rigidity of the ribbon 
tensor category of modules for a suitable vertex operator algebra also needs 
such correlation functions and their properties |Hllj . In the present paper, 
we develop a method completely different from the one used in [Z], |DLMj . 
|Mlj and |M2j and completely solve the problem of constructing all the chiral 
genus-zero correlation functions and establishing all the desired properties. 

Here is a brief description of our main results. For simplicity, here we shall 
discuss the results under certain strong conditions, though, as we show in this 
paper, many of these results in fact hold under weaker conditions. Let V be 
a vertex operator algebra satisfying the following conditions: (i) Vt n ) — for 
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n < and V(o) = CI, (ii) every N-gradable weak V- module is completely 
reducible (see Section 6 for a definition of N-gradable weak ^-module) and 
(iii) V is CVcofinite (that is, dim\^/C2(^) < oo, where C2(V) is the sub- 
space of V spanned by the elements of the form U-2V for u, v G V). We prove 
that the g-traces of products of certain geometrically-modified intertwining 
operators satisfy modular invariant systems of different equations which re- 
duce to doubly-periodic systems with only regular singular points when the 
modular parameter r is fixed. Using these systems of differential equations, 
we prove the convergence of the g-traces. The analytic extensions of these 
convergent g-traces give chiral genus-one correlation functions. We prove 
that these chiral genus-one correlation functions satisfy suitable "genus-one 
commutativity" and "genus-one associativity" properties. We also introduce 
a new product in a vertex operator algebra and, using this new product, we 
construct and study an associative algebra which looks very different from, 
but is in fact isomorphic to, Zhu's algebra (see ZJ). Using these results, 
we prove the modular invariance of the space of chiral genus-one correlation 
functions. Geometrically, this modular invariance and the double-periodicity 
of the reduced systems mentioned above give vector bundles with flat connec- 
tions over the moduli spaces of genus-one Riemann surfaces with punctures 
and standard local coordinates vanishing at the punctures. 

Together with the results obtained by the author in the genus-zero case, 
the results of the present paper solves essentially the problem of constructing 
chiral genus-one weakly conformal field theories. The results of the present 
paper also imply the rigidity of the ribbon tensor category of modules for 
a vertex operator algebra. The results of the present paper are the genus- 
one parts of the assumptions on rational conformal field theories in Moore- 
Seiberg's important work [MSI [MS2 . Thus, together with the author's re- 
sults in |Hlj . |H2j and |H9j in the genus- zero case, the results of the present 
paper imply all the results of Moore and Seiberg in |MSlj and |MS2j obtained 
using only the genus- zero and genus-one parts of their fundamental assump- 
tions on rational conformal field theories. In particular, the the results of 
the present paper together with the author's results in ITIlj. |H2j and H9 
in the genus-zero case imply the Verlinde conjecture for modules for a vertex 
operator algebra satisfying the conditions mentioned above. The details of 
the proof of the rigidity of the ribbon tensor category and the proof of the 



Verlinde conjecture will be given in the papers [HlOj and |Hllj . repectively. 

Our construction of the chiral genus-one correlation functions actually 
verifies the sewing property which states that chiral genus-one correlation 
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functions can be obtained from chiral genus-zero correlation functions by 
taking g-traces. In particular, we construct the spaces of chiral genus-one 
correlation functions and the factorization property for these spaces is an easy 
consequence of the sewing property. We would like to emphasize that the 
converse is not true, that is, even if the spaces of chiral genus-one correlation 
functions are identified abstractly and the factorization property is proved, 
additional structures such as those constructed in the present paper are still 
needed to construct the chiral genus-one correlation functions and to prove 
the sewing property. 

Our modular invariance result gives, in particular, new proofs of the mod- 
ular invariance result of Zhu in [Z] and its direct, straightforward generaliza- 
tion by Miyamoto in |Mlj since these results are (very) special cases. The 
differential equations and the duality properties obtained in the present pa- 
per also have straightforward generalizations to the case of twisted modules 
and intertwining operators among them. Together with a straightforward 
generalization of some of the results on the associative algebras discussed in 
the present paper, they also give a modular invariance result in the twisted 
case. In particular, as a special case, this modular invariance gives a new 
proof of the modular invariance result of Dong, Li and Mason in |DLM| . We 
shall discuss the twisted case elsewhere. 

We assume that the reader is familiar with basic notions and results in 
the algebraic and geometric theory of vertex operator algebras as presented 
in |FLM| . |FHL| and |H3j . We also assume that the reader is familiar with 
the theory of intertwining operator algebras as developed and presented by 
the author in jHU, HE], jH4j, jH5j, jHTj, jH9j, based on the tensor product 
theory developed by Lepowsky and the author in |HLlj - [HL4] and |Hlj . 



We do not, however, assume that the reader is familiar with the modular 
invariance result proved by Zhu in [Z] and the method used there and in 
other papers, since our method is completely different. 

The present paper is organized as follows: In Section 1, we discuss geom- 
etrically-modified intertwining operators, which play an important role in our 
construction. Then we prove some fundamental identities for the g-traces of 
products of these geometrically-modified intertwining operators in Section 
2. We establish the existence of the systems of differential equations in Sec- 
tion 3. In Section 4, we prove the convergence of the g-traces of products 
of geometrically-modified intertwining operators and construct chiral genus- 
one correlation functions. In the same section, we also establish genus-one 
commutativity and associativity for these chiral genus-one correlation func- 
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tions. In Section 5, we prove that for fixed modular parameter r, the systems 
consisting of those equations in the systems mentioned above not involving 
derivatives of r have only regular singular points. We introduce our new 
product on a vertex operator algebra and construct and study the corre- 
sponding associative algebra in Section 6. The modular invariance of the 
space of chiral genus-one correlation functions is proved in Section 7. 

Notations and conventions In this paper, i is either y/ — 1 or an index, 
and it should be easy to tell which is which. The symbols N, Z+, Z, Q, 
M, C and H denote the nonnegative integers, positive integers, integers, ra- 
tional numbers, real numbers, complex numbers and the upper half plane, 
respectively. We shall use x,,y,... to denote commuting formal variables 
and z,Zi,z 2 ,... to denote complex numbers or complex variables. For any 
nonzero zeC and any n G Z, log ,2 = log \z\ + iargz with < argz < 2n 
and z n = e nlog2 . For any z G C, q z = e 27riz . As in |FEM| and jFTTL] . for 
a vertex operator algebra (V, Y,l,u) or a module (W, Y), we use the u n for 
u G V and n G Z to denote the coefficients of the formal series Y(u,x). We 
shall use Wx,W2,--- to denote elements of ^/-modules. Note that when the 
V^-module is the adjoint module, the notations u n and Wi, W2, ... clearly have 
different meanings. 

Acknowledgment This research is supported in part by NSF grant DMS- 
0070800. I am grateful to Jim Lepowsky and Antun Milas for helpful com- 
ments. 



1 Geometrically- modified intertwining oper- 
ators 

We need the theory of composition-invertible power series and their actions 
on modules for the Virasoro algebra developed in |H3j . Let Aj, j G Z + , be 
the complex numbers defined by 



± log(l + 2my) = ^exp ^ Aj y^ j 
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In particular, a simple calculation gives 

A 1 = -ni, (1.1) 

7T 2 

A2 = — . (1.2) 

Note that the composition inverse of ^7 log(l + 271%) is ^i(e 2my — 1) and 
thus we have 

In this paper, we fix a vertex operator algebra V. We shall use Y to 
denote the vertex operator maps for the algebra V and for V^-modules. For 
any V-module W , we shall denote the operator J2jei,+ AjL(j) on W by 
L + (A). Then 

- E A MJ) 

e = e~ L+(A \ 

For convenience, we introduce the operator 

U{x) = (2mx) L ^e- L+iA) G (End W){x} (1.3) 

where (2iri) L ^ = e ( lo g 27r + J f ) L (°) (and we shall use this convention throughout 
this paper). In fact we can substitute for x in the operator U{x) a number 
or any formal expression which makes sense. For example, 

U(l) = (2m) L ^e- L +^ 

and we have 

U{xy)=x m U{y). (1.4) 
For any z G C, we shall use q z to denote e 2mz . 

Lemma 1.1 For the conformal element 10 = L{— 2)1 G V, 

W(l V = (2«) 2 ( W - ^l) , 
where c is the central charge ofV. 



7 



Proof. By definition, we have 



U(l)u = (2vri) L (°)e- i+(A) L(-2)l 

= (27ri) L(0) L(-2)l - (2m) m A 2 L(2)L(-2)l 



2 

TV C 



= (2tt«) 2 L(-2)1 

u 

= (2ttz) 2 (u;-^i), 

where we have used and (jl.2|) . 

We have the following conjugation and commutator formulas: 



Proposition 1.2 Let Wi,W2 and W3 be V -modules and y an intertwining 
operator of type ) . Then for u G V and w G W\, 

= ^(W(e 2 ™)w, e 2mx - 1) (1.5) 

and 

[Y(U(x 1 )u,x 1 ),y(U(x 2 )w,x 2 )} 

= 2?viRes y 6 (^^-J y(U{x 2 )Y{u,y)w,x 2 ). (1.6) 

Proof. Let j G Z+, be rational numbers defined by 



log(l + y) = ( exp [ B i y3+1 §y- 



y- 



Since the composition inverse of log(l + y) is e y — 1, we have 



e v - 1 = exp - J] 5 



5 



By the change-of- variable formula in |H3j . we have 

Y(e yL ^u, e y -l) = e~ L ^Y(e L ^ B \ y)e L ^ B \ (1.7) 
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By the definition of the sequences {Aj}j e % + and {Bj}j GZ+ , we have 



exp 



Thus 



d 

(2ttz) d y 



-L+(B) 



dy 



exp 







<9y 



(27rz) L (°)e- L +^(27rz)- L ( ) 
W(1)(2ttz)- l (°), 
(27r2) i (°)e L +( A )(2«)- i (°) 
(2ttz) l(0) (W(1))- 1 . 



;i.s) 



;i.9) 



Substituting W(l)tu for 10 in JEU) and using (fTijl . JUEJ), JEHJ) and the L(0)- 
conjugation formula 



we obtain 



(27rz)- L (°^((27rz) i Wu;,a;)(27rz) L W = y (w,^-) 
u{i)y (w, {U{l)Y l = y(U(e*)w, e* - 1), 



;i.io) 



which is equivalent to (|1.5jl . 

As a special case of the Jacobi identity |FHLj defining intertwining oper- 
ators, we have the commutator formula between vertex operators and inter- 
twining operators 



[Y(u, xi), y(w, x 2 )\ = Res X0 x 2 1 5 



y(Y(u,x )w,x 2 ). 



Thus 



[Y (0) m, xi), y(x 2 {0) w, x 2 )] 



;r 2 



^(^(zi w, x )x2 x 2 ) 



Rests' Xl ~ Xo 
x 2 



y x^'y 



X 2 I X 2 



;i.ii) 



9 



Now we change the variable xq to y as follows: 

k>l 

(Note that by definition, for any r G C, 

(x 2 + {e 2my - l)x 2 ) r = e 2myr x r 2 .) 
Then the right-hand side of (jl.llj) becomes 

Res v — — x 2 d y{x 2 Y((x 1 x 2 ) w w, e y - l)w,x 2 ) 

oy V ^2 / 



2niRes v e 2my x 2 (x 2 + (e 27riy - l)x 2 y l 5 



x 2 + (e 2ni y - l)x 2/ 
■yix^YdxJx^u^e 2 ^ - l)w,x 2 ) 

2mRes y 5 ( -^-] y{x L 2 ^Y{{ Xl / x 2 ) L ^u,e 2my - l) W> x a ) 



2mRes y 5 



'#2 

x 2 



\ y(xi (0) Y(e 27riyL{0) u,e 2my - l)w,x 2 ) 



2 ™ Res ^ ( J ^(xf ) W(l)F((W(l))- 1 M)Z/ )(W(l))- 1 «;,x 2 ) 



(1.12) 

where in the last step, we have used (jl.5j) . From and (|1.12|) . we obtain 

\Y(x[ {0) u, xj, y(x2 (0) w, x 2 )] 

= 2mRes y 5 (-^-) y (U{x 2 )Y ((U(l))~\ y){U{l)Y l w, x 2 ) . 

(1.13) 

Substituting U{l)u for u andW(l)iu for w in f|1.13|) and using ()1.4j) and ()1.10|) . 
we obtain (jl.6J) . ■ 

The operators Y(U(xi)u, X\) and y(W(x 2 )w, x 2 ) are called geometrically - 
modified vertex operator and geometrically-modified intertwining operator, re- 
spectively. These operators play an important role in this paper. See Remark 
13.51 in Section 3 for the reason why we need these modified operators. 
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Proposition 1.3 Let Wi, W2 and W3 be V -modules and y an intertwining 
operator of type ) ■ Then for any w\ G W\, 

2irix4-y(U(x)w 1 ,x) = y(U(x)L(-l)w 1 ,x). 
ax 

Proof. Using the L(— l)-derivative property for y, we obtain 

lnix— — yiZA (x)wi, x) 
ax 

= 2mx-^-y((2mx) L{0) e- L+iA) w 1 ,x) 
ax 

= y((2mxL(-l) + 2mL(0))(2mx) m e- L+{A) w u x) 

= y(x m (2iriL(-l) + 2mL(0))U(l)w 1 , x). (1.14) 

Using ()1.5|) for the vertex operator Y defining the module W\ and the 
conformal element lu, we obtain 

U(l)Y(u,x) = Y{U{e 27rix )u,e 2mx - l)W(l). 

This formula together with Lemma HTTl the identity property and by changing 
the variable from x to y — e 2mx — 1 gives 

W(1)L(-1) = Res x Y(U(e 27rix )u,e 2mx - l)W(l) 

= Res x Y{e 27rixm U{l)uj, e 2 ™ - l)ZY(l) 

= Res x (2m) 2 Y (e 2mxm (u - ^l) , e 2 ™ - l) W(l) 

= Re Sa; (2«) 2 F(e 2 ™ L(0) cu, e 2mx - l)W(l) 
= Re Sa; (27ri) 2 e 4 ™F(^, e 2mx - l)W(l) 
= Resj / (2vri + 2iriy)Y{u, y)U{l) 

= (2iriL(-l)+2iriL{0))U{l). (1.15) 
Using (|1.15|) . we see that the right-hand side of (|1.14|) is equal to 

y(U(x)L(-l) Wl ,x), 
proving the proposition. I 
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Proposition 1.4 Let W it i = 0, . . . , 5, be V -modules and [Vi, y 2 , 3^3 owd 3^4 

intertwining operators of types (^J , {^w 3 )> IwJ and Q> res P ec " 
tively, such that when \zi\ > \z 2 \ > \z\ — z 2 \ > 0, we have the associativity 

(w' ,y 1 (w 1 ,zi)y 2 {w2,z2)w 3 ) = (w' ,y 4 (y 3 (wi,z 1 )w 2 ,z2)w 3 ) 

for Wi G Wi, i = 1,2,3 and w' G Wq. Then when \q{ Zx -z 2 )\ > 1 > \q( zx -z 2 ) 

1 > 0. 

(w' Q , y l {U{q Zl )w l , q Zl )y 2 (U(q Z2 )w 2 , q Z2 )w 3 ) 

= {w , Q,y i {U{q Z2 )y z {wi,Zi - z 2 )w 2 ,q Z2 )w 3 ). 

for Wi G Wi, % = 1, 2, 3 and w' eW^. 

Proof. By associativity, (|1.4jl . the L(0)-conjugation property and (|1.5)1 . 

(Wo, ^i(ZY(g zl )wi, q Zl )y 2 (U(q Z2 )w 2 , q Z2 )w 3 ) 

= (w'^y^ysiUiq^Wt^q^ - q Z2 )U(q Z2 )w 2 ,q Z2 )w 3 ) 

= {w' ,y i {y 3 {U(q Zl )w l ,q Zl - q Z2 )q Z2 {0) U(l)w 2 ,q Z2 )w 3 ) 

= (w' ,yM^y3(^(Q^ 2 )wi,q Zl - Z2 - l)U(l)w 2 ,q Z2 )w 3 ) 

= «, y^q^U^y^Wu Zl - z 2 )w 2 , q Z2 )w 3 ) 

= (w' ,y 4 (U(q Z2 )y 3 (w u Zl - z 2 )w 2 ,q Z2 )w 3 ). (1.16) 

Since the associativity used above holds in the region \q Zl \ > \q Z2 \ > \q Zl — 
q Z2 \ > or equivalently |9( 2l - Z2 )| > 1 > \l(z 1 -z 2 ) ~ 1| > 0, we see that (|1.16|) 
also holds in the region |?( Zl - Z2 )| > 1 > \q( Zl -z 2 ) — 1| > 0. I 

2 Identities for formal (/-traces 

In this section, we prove several identities on which the main results in the 
present paper are based. We shall use both the formal variable and the com- 
plex variable approaches. The formal variable approach is needed because 
the g-traces are still formal in this section and the complex variable approach 
is needed because we need to use analytic extensions to obtained our results. 
For m > 0, let 

*-^\m\l — q l ml 1 — q l J 
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where (1 — q 1 )^ 1 for I > is understood as the series J2 k>0 q kl - For r, z G C 
satisfying \q T \ < \q z \ < 1, the series P m +i(q z ; q T ) for m > are absolutely 
convergent and, for z6C satisfying \q z \ < 1, the g-coeflicients of P m+ i(q z ; q) 
is absolutely convergent. 

As we mentioned in Section 1, we shall fix a vertex operator algebra V 
throughout this paper. Let W be a ^-module, and let o{u) : W ^ W be 
the linear map defined by o(u) = u wt u _i for homogeneous u G V. We have: 

Proposition 2.1 Let Wi and Wi, i = l,...,n, V -modules, and i = 

l,...,n, intertwining operators of types (^^) ; respectively, where we use 

the convention W = W n . Then for any u G V , Wi G Wi, i = 1, . . . , n, we 
have 

Tr^ Y(U(x)u, x)y 1 (U(x 1 )w 1 , x x ) ■ ■ ■ y n (U(x n )w n , x n )q L ^ 

n 

= ^2^2 p m+i (— 5?) Tr^ n yi(W(xi)wi,Xi) • 

i=l m>0 

■ ■ ■y i -i(u(xi^i)w i _i,x i _i)y i (u(x i )u m w i ,Xi) ■ 

■y i+1 (U(xi +1 )w i+1 , x i+1 ) ■ ■ ■ y n (U(x n )w n ,x n )q L(0) 
+Tr Wn o(U(l)u)y 1 (U(x 1 )w 1 , xx) • • ■ y n (U(x n )w n , x n )q L ^ (2.1) 

and 

n 

y j Tr^ n yi(U{x 1 )w 1 ,xi) ■ ■ ■ y i _ 1 (U(xi-i)wi- 1 , Xi-i)- 
1=1 

■yi(U(xi)u Q Wi, Xi)y i+1 (U(x i+1 )wi +1 , x i+1 ) ■ ■ ■y n (U(x n )w n ,x n )q L{{i) 
= 0. (2.2) 

Proof. The left-hand side of f!2.1|) is equal to 

n 

^ Tt^ ri y 1 {JA{x 1 )w 1 , xx) ■ ■ -yi^iUixi^Wi^i^i^!)- 

i=l 

■[Y(U(x)u,x),yi(U(xi)wi,Xi)]yi +1 (U(xi +1 )wi +1 ,Xi +1 ) ■ 
■■■y n (U(x n )w n ,x n )q L{0) 
+Tr^ n y 1 (U(x 1 w 1 ,x 1 ) ■ ■ ■y n {U{x n )w n ,x n )Y(U{x)u,x)q L{0) 

= Y^27riRes y 8 Try i r n y l {U{x 1 )w 1 ,x 1 ) ■ 
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•yi-i(U (xi-^Wi-^xt-^yiiU {xi)Y(u, y)w h x t ) ■ 
■y i+1 (U(x i+1 )w i+1 , x i+1 )y n (U(x n )w n , x n )q L{0) 

+Tr„Y [U Q u, ~\ y 1 (U(x 1 )w 1 ,x 1 ) ■ ■ ■ y n (U(x n )w n , x n )g L(0) 



ml V V dxi I \Xi 

1=1 m>0 

■yi(U(xi)Y(u,y)wi,Xi)y i+1 (U(xi +1 )wi + i,x i+1 ) ■ 
■■■y n (U(x n )w ni x n )q L ^ 
+q- x ^Tr w Y(U(x)u, x)y 1 (U(x 1 )w 1 , Xi ) ■ ■ ■ y n (U(x n )w n , x n )q L{0 \ 

(2.3) 

where we have used (jl.6j) . the L(0)-conjugation property for vertex operators 
and a property of traces (TrAB = TtBA). 
From (|2.3|) . we obtain 

(1 - q- x £)Tr w Y(U(x)u,x)y 1 (U(x 1 )w 1 ,x 1 ) ■ ■ ■y n (U(x n )w n ,x n )q L ® 

2=1 m>0 

•Tr^^i^^i)^!,^!) • • •3 ; i-i(W(xi_i)w i _i,Xi_i' 

(xi)Y(u, y)w h Xi)y i+l (U (x i+ x)w i+1 
■ • • y n (U(x n )w n , x n )q m 



(27ri) m+1 (( _d_\ m (- 



•Trw„iVi(W(a;i)wi,a;i) • •■^-i(W(a;i_i)?i)i_i,ij_i] 

•^(W (Xi)M m Wi, x m ) • 

■••y„(W(x n )^ n ,x„)g L(0) 



(27ri) m+1 // d\ m fx- 1 



ml \\ dxi 

1=1 m>0 l>0 



■I i 



x7 l 



(Xj)u m Wi, (x m )w m , x m ) ■ 

•••^(W(x„)«;„,x n )g L(0) 
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i=l 

■yi{u{xi)u Wi, Xi)y i+1 (u(x i+1 )w i+1 , Xi+i) ■ 

■■■y n {U{x n )w n) x n )q m . (2.4) 

Note that the left-hand side of (|2.4|) has no constant term as a series in x. 
Thus the constant term (the last term) of the right-hand side as a series in x 
must be 0. So we obtain ()2.2j) and consequently the left-hand side of (|2.4jl is 
equal to the sum of the first two terms in the right-hand side of (|2.4|) . Since 
1 — q~ x a^ acting on any term independent of x is 0, we obtain 

(1 - q~*&) (Tr w Y (U(x)u, x)y 1 (U(x 1 )w 1 ,x 1 ) ■ ■ ■ y n (U(x n )w n , x n )q L ^ 

-Tr^ n o(U(l)u)y 1 (U(x 1 )w 1 ,x 1 ) ■ ■ ■ y n (U(x n )w n , x n )q m ) 



(27u) m+1 // d\ m ( xl 
ml V V % dxi ) \x\ 



8=1 m >0 Z>0 

•Tr^^i^^i)^,^) • • •y i - 1 (U(x i „i)w i - 1 ,x i „i) 

■y^u (xi)u m Wi, Xi)y i+ i (u (x i+1 )w i+1 ,x i+1 ) ■ 

■■■y n {U{x n )w n) x n )q m 

\m+l / / \ rn / 



(2iri)"* +1 (( d\ m (x 



ml V V dx 



X; 



i=l m>0 i>0 v v 7 v * 

■Trw^i^ (^1)^1^1) ' ■ •3 ; i-i(W(s i _i)u7 i _i,x i _i) ■ 
•^i(W(x i )ti m ii; i ,a; i )3^+i(W(a; i+ i)ii; i+1 ,a; i+ i) ■ 
■■■y n {U(x n )w n} x n )q m 



EEE(- 



/(27Tz) m+l // ar/x' 



to! V V 



i=l m >0 «>0 v ' v v 7 v * 

(27u) m+1 // d\ m fx- 1 



ml V \ * cte? 



•Tr^yi(W(a;i)iWi,a:i) ■ • •y i _i(W(a? i _i)iw i _i,a; i _i) ■ 
•y i (W(a:<)u m «;i,a;j)yi + i(W(a;i + i)«;i + i,a:i + i) • 

■■■y n {U{x n )w n ,x n )q m . (2.5) 

Note that when acting on nonzero power of x, 1 — q~ x ~^ is invertible. But 
on different rings, it has different inverses. Since all the terms in our formulas 
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as series in q are lower truncated, (1 — q x a*) 1 acting on any nonzero power 
of x should also be lower truncated as a series in q. Thus we have 



11 

I > 



(l- g -*)-V=< 1 ~J (2.6) 

1^7 /<0 - 



By (J231) and (j2~Ej) . we obtain 

Tr Wn Y{U (x)u, x)y 1 (U (x 1 )w 1 , x x ) • ■ ■ y n {U {x n )w n , x n )q L{0) 

-Tt^ n o{U{l)u)y x {U{ Xl )w u x x )--- y n (U(x n )w n , x n )q L ^ 

H 1 - 9 -»-EEE(^F((^)'"g)) 

1=1 m>0 l>0 V V V 7 \ » / / 



•Tr^ n yi(W(ari)tt;i,ari) • • •y»-i(W(x i _ 1 )ty i _i,ar i _i) 

(W (xi)u m Wi, Xi ) ^i+i (W w i+1 ,x i+x ) ■ 
■■■y n (U(x n )w nj x n )q L ^ 



(27ri) m+1 // d \ m f -q l x l 

x. 



ml 



dxi J \ (1 — q l )x\ 



i=l m>0 Z>0 

m! 



•Tr^ n 3/i(W(xi)u;i,xi) • ••3^_ 1 (W(a? i _i)w i _i,a;i_i) ■ 
■y*(W (^)it m Wj, Xi)3/ i+1 (W (x i+ i)w i+ i, Si+i) ■ 
•••^n(W(a:„K,x n )g L(0) 

(-l) m (27rz) m+1 r /V 



EEE 

i=l m >0 Z>0 



m\ \ 1 — q 



m\ \ 1 — q l 

•Tr^ n ^i(W(xi)wi,Xi) • • •3 ; i-i(W(x i _i)w i _i,Xi_i) ■ 
•3^(W(x i )ti m w i ,ari)y»+i(W(a; i+ i)iyi + i,a; i+ i) ■ 
■■■y n (U(x n )w n ,x n )q L ^ 
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j=l m>0 

• • ■y i ^i(u(xi-i)w i _i,Xi^i)y i (u(xi)u m w i ,Xi) ■ 

■y i+1 (U(x i+1 )w i+1 , x i+1 ) ■ ■ ■ y n (U(x n )w n , x n )q L{0) . (2.7) 
The identity (gZj) is equivalent to (f2~TT). ■ 

The identities above are proved using purely formal variable approach. 
But starting from the next identity, we need to use both formal variables and 
complex variables. 

Let 



z ^ \z- (kr + t) kr + l (kr + I) 2 

be the Weierstrass zeta function and the Weierstrass jp-function, respectively, 
and let p m (z; r) for m > 2 be the elliptic functions defined recursively by 

1 d 

p m+ i{z, t) = T-p m (z; r). (2.8) 

m oz 

These functions have the following Laurent expansions in the region < 
\z\ < min(l, |t|): For m > 1 



Pm \% 

where 



r) = ^ + (-l) m E (^W^t)^ 2 -™ (2.9) 
k>i ^ m ' 



G 2k+2 (r) = Yl 



[mr + l) 2k + 2 

(m,0^(0,0) v 7 

for > 1 are the Eisenstein series. We also have another Eisenstein series 

m€Z\{0} ZeZ v ' 
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The Eisenstein series have the following g-expansions: 

2(2vn) 2fc + 2 ^ l 2k+1 q l T 
J 



G2i+2(T) . 2C(2 , + 2) + ^A_ EH 



where 

C(2fc + 2) = ^-i 



1>1 



and (1 — q l T ) 1 is understood as ^2j >0 qi l - For k > 1, let 

2(27u) 2fc + 2 ^ Z 2fc +Y 



1>1 



where (1 — q l ) 1 is the formal power series ^2j>o^ 1 ' Then G2A;+2(t) = 

The functions <p m {z\r) for m > 1 also have the following g-expansions: 
For z G C satisfying < |z| < min(l, |r|) and \q T \ < \q z \ < -rH and for 



m > 1, 



am-l 

p m (^; r) = (-1)™ ( P m fe; g r ) - Q^{G 2 {q T )z - ttz) ) . (2.10) 



For m > 1, let 



p™(</;«) = — + _ , |G 2t+2 ( 9 )r* +2 -" e !T m c[[>/, ?]]. 

fc>l 

(2.11) 

Then for zeC satisfying < \z\ < 1 and m > 1, 

(£yni — 1 \ 
p ™fe; ?) - ^r(^(9)« - ™')J • ( 2 - 12 ) 

We also have 

p m (z;q T ) = p m (z;T) 

when m > 1 and < \z\ < min(l, |r|) and \q T \ < \q z \ < r^-r. For more 
details on the Weierstrass zeta function, the Weierstrass p-function and the 
Eisenstein series, see |Laj and jK]. 
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Now we assume that for any Wj and W^y^i = 1, . . . , n, as in Proposition 
l2~Tl any ^ G Wi, z = 1, . . . , n, w n E W n and w' n E W' n , 

(w' n , y 1 (wt, zx)--- y n (w n , z n ) w n ) 

is absolutely convergent when l^j > ■ • • > \z n \ > 0. We also assume that 
commutativity and associativity for intertwining operators hold. (For more 
details on convergence, commutativity and associativity for intertwining op- 
erators, see [HT]. [H2]. [H4] and |H7j .) 



Theorem 2.2 Let Wi and W, i — 1, ■ ■ ■ ,n, be as in Proposition \2. 11 
Then for any u E V , Wi E Wi, i = 1, . . . ,n and any integer j satisfying 
1 < j < n, we have 

^w n y\(y{xi)wi,x\) ■ ■ •3 ; j-i(W(x j _i)w i _i,x i _i) ■ y j (U{x j )Y(u,y)w j ,x j ) 
■y j+1 (U{x j+ i)w j+1 ,x j+1 ) ■ • •y n {U(x n )w n ,x n )q L ^ 



yi(W(a;i)tyi,a;i) • •■y i _i(W(a; i _i)ty i _i,a; i _i) 
•^(W(x J -)u m ii;j,a;j)^+i(W(x 3 - + i)itJ 3 - +1 ,Xj + i) ■ 
■■•y n (W(a; n K,x„)g L(0) 



m+1 U,e 2 ^ ;g 

i^tj m>0 J 

•^^^(^^O^i'^i) ■ ' •3>i-i(W(z < _ 1 )w i _i,a:i_i) • 
•^(W^^w^i^^^+i^+i, • • •3 ; „(W(a; n )w n ,x„)g L(0) 
+Tr^ n o(W(l)«)yi(W(ari)tWi,a;i) ■ ■ • y n (U(x n )w n , x n )q m . 

(2.13) 

Proof. We first prove the case j = 1. Note that by (jl.5j) . 

U(xx)Y(u,y) = a;f (0) W(l)rK 2 /)(W(l))- 1 W(l) 

= xf (0) F(W(e 27rii/ )M, e 2 "^ - l)W(l) 

= y (zf (0) W(e 2m >, x ie 2 ^ - l)xf (0) W(1) 

= y(W(xie 2 ^) M ,a;i(e 2 ^- l))W(xi) (2.14) 

(recall (Oft ). 
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Using (|2.14|) . we see that in the case j = 1, the left-hand side of (|2.13|) is 
equal to 

Trw n yi{U(x 1 )Y(u,y)w 1 ,x 1 )y2(U(x2)w2,x 2 ) ■ ■ ■y n (U(x n )w n ,x n )q L{f}) 
= Ti^y^YiUix^^x^e 2 ^ - l))U(x 1 )w l ,x 1 ) ■ 

■y2(K(x 2 )w 2 , x 2 ) ■ ■ ■ y n (U(x n )w n , x n )q m . 

(2.15) 

By the properties of intertwining operators, we know that the following 
associativity holds: For any w\ G Wi, w' n G W^, 

{w' n ,y 1 (Y(U{z 1 q z )u,z l {q z - l))W(zi)u;i, z x )w x ) 
= (w' n ,Y(U(z 1 q z )u,z 1 q z )yi(U(z 1 )w 1 , Zx)wx) 

for any complex numbers z and Z\ satisfying \z\q z \ > \zx\ > \z\{q z — 1)| > 
(or equivalently, \q z \ > 1 > \q z — 1| > and z\ ^ 0), where we choose the 
values of z™ for n G C to be e nlo&Zl , < argz! < 2tt (and we shall choose 
this value throughout this paper). Thus for any complex numbers z and Z\ 
satisfying > 1 > |g 2 — 1| > and Z\ ^ and for the values e nlog21 of z™ 
for n G C, 

Ttw n yi(Y(U(ziq z )u, zi(q z - l))U{z 1 )w u z{)- 

■y 2 (U(x 2 )w 2 ,x 2 ) ■ ■ ■y n (U(x n )w n ,x n )q LiS)) 

= T % n ^( W (^ 2 K^)3M w (^i) w i>^i) ■ 

■y2(K(x 2 )w 2 , x 2 ) ■ ■ ■ y n {U{x n )w n , x Tl )q m (2.16) 

as formal series in x 2 ,...,x n and q. Since ()2.16|) holds for any complex 
number z satisfying \q z \ > 1 > \q z — 1| > and any nonzero complex number 
z\ , the expansions of both sides of (|2.16|) as Laurent series in z\ are also equal 
for any complex number z satisfying \q z \ > 1 > \q z — 1| > 0. Thus we can 
replace z\ by the formal variable x\ in ()2.16|) so that for any complex number 
z satisfying \q z \ > 1 > \q z — 1| > 0, 

^w^iO^i^^i^u, x x (q z - l))U(x 1 )w 1 ,x 1 )- 

■y 2 (K(x 2 )w 2 ,x 2 ) ■ ■ ■y n (U(x n )w n ,x n )q LiS)) 
= Tiy^Y(U(xiq z )u,xiq z )y 1 (U{x 1 )w 1 ,x 1 ) ■ 

■y2(U(x 2 )w 2 , x 2 )--- y n (U(x n )w n , x n )q L ^ (2.17) 
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EE^ & q 



as formal series in X\, . . . , x n and q. Note that the left- and right-hand sides 
of (|2.17|) are well-defined formal series in x\, . . . , x n and q for zgC satisfying 
1 > \lz — 1| > and |g 2 | > 1, respectively. 

By (jl.4|) and (j2.1|) . for any complex number 2, we have 

Tr^ n F(W(xig 2 )M,x)yi(W(xi)wi,Xi)- 

•y 2 (W(x 2 )w; 2 , x 2 ) ■ ■ ■ y n {U{x n )w n , x n )q m 
= Tr w Y(U(x)(U(x))- 1 U(x 1 q z )u,x)y 1 (U(x 1 )w 1 ,x 1 ) ■ 
•y 2 {U{x 2 )w 2 ,x 2 ) • ■ ■ y n (U(x n )w n , x n )q L{0) 

. x 

■Tr Wn y 1 (U(x 1 )w 1 ,x 1 ) ■ ■•y i - 1 (U(x i -. 1 )w i - 1 ,Xi- 1 ) ■ 
■y i (U(x i )(2m) L ^((U(x))- 1 U(x 1 q z )u) m w t ,x l )- 
■y i+ i(U(x i+ i)wi +1 ,Xi + i) ■ ■ ■ y n (U(x n )w n , x n )q L{0) 
+Tv Wn o{U{l){U{x))- 1 U{x 1 q z )u) ■ 

■y 1 (U(x 1 )w 1 , x x ) ■ ■ ■ y n (U(x n )w n} x n )q L ^ (2.18) 

as formal series in x, xi, . . . , x n and q. 

Now for any complex number z satisfying \q z \ > 1 and < \z\ < 1, 
substituting x±q z for x in f!2.18|) and using (|2.12p . we obtain 

l^^Y{JA{x l q z )u,x 1 q z )y 1 {JA{x 1 )wi,x 1 )- 

■y 2 {U(x 2 )w 2 ,x 2 ) ■ ■ -y n (W(x n )w n ,x n )g L(0) 

= ^Pm+i ( — ;q] Ti Wn yi(U(x 1 )u m w 1 ,x 1 ) ■ 

m>0 ^ qz / 

■y 2 {U{x 2 )w 2 , x 2 ) ■ ■ ■ y n {U{x n )w n , x n )q m 

■ ■ •yi-i(u(xi-i)wi- 1 ,Xi-i)yi(u(xi)u m w i ,Xi) ■ 

■y i+1 (U(x i+1 )w i+1 , x i+1 ) ■ ■ ■ y n (U(x n )w n , x n )q L{0) 
+Ti Wn o(U(l)u)y 1 (U(x 1 )w 1 , Xl ) ■ ■ ■ y n (U(x n )w n , x n )q m 

(d m ~ \ 
p m+1 (-z-,q) + —(G 2 (q)z + m)) ■ 
,,, ,, ' 
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■y2(^(x 2 )w 2 ,x 2 ) ■ ■ ■y n (U(x n )w n ,x n )q L( - ^ 
- — / 

i=2 m>0 ^ Xiqz 

' Tr VK„^l( W ( X l) W l' X l) ' • •3 ; j-l(W(Xi_i)Wj_i,Xi_i) • 

•yi(U(xi)u m Wi,Xi) ■ 

■y i+1 (U(x i+1 )w i+1 ,x i+1 ) ■ ■ ■y n (U(x n )w n ,x n )q L{f}) 
+Ti Wn o(U(l)u)y 1 (U(x 1 )w 1 ,x 1 )---y n (U(x n )w n ,x n )q L ^ (2.19) 

ClS db formal series in xx, . . . ,x n and q. 

Combining ()2.15|) . ()2.17|) and (j2.19|) . we see that for any complex number 
z satisfying \q z \ > 1 and < \z\ < 1, 

^w n yi(^(x 1 )Y(u,z)w 1 ,x 1 )y 2 (U(x2)w2,X2) ■ ■ • y n (U(x n )w n , x n )q m 

p m+ i(-z;q) + g- (G 2 (q)z + 7Ti)) ■ 



•Tr^^i^xi)^!,^!) • • •3 ; i-i(W(x j _i)w j _i,x J _i) • 

(x^UmWj, Xj)y j+1 (U (x j+ i)w j+1 , X j+X ) ■ 

■■■y n {U{x n )w n) x n )q m 



i=2 m>0 

•Tr^^i^Xi^Xi) • • ■3 ; i-l(W(x i _i)Wj_i,Xi_i) • 

■yi(u(xi)u m Wi, Xi)y i+1 (u(xi +1 )wi +1 , x i+1 ) ■ 

■■■y n (U(x n )w n ,x n )q L ^ 
+Tr Wn o(U(l)u)y 1 (U(x 1 )w 1 , xx)--- y n (U(x n )w n , x n )q m . 

(2.20) 

as a formal series in xx, ■ ■ ■ , x n and q. Since both sides of (|2.2Up are formal 
series in xx, ■ ■ ■ , x n and q whose coefficients are convergent Laurent series in z 
near z — 0, the truth of ()2.20|) in the region given by \q z \ > 1 and < \z\ < 1 
implies that (|2.20j) holds near z — 0. Thus (j2.13|) holds in the case of j — 1. 

We now prove the theorem in the general case. We use induction on j. 
Assume that for j = k < n, (j2.13|) holds. We want to prove that (j2.13|) holds 
when j — k + 1. Fix z® G C, i — 1, . . . , n, satisfying |^°| > • • • > |z°| > 0, let 
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7fc be the path in 



M n = {{ Zl , . . . ,z n ) e C n | zi + 0, Zi + z h i± 1} 

from (z$, ...,z° k , z° k+1 , ...,z°)to (z%, z° k+1 , z° k , . . . , z°) given by 

Tfc (t) = (3°, . . . ) e( 1 - t ) lo s^ + * lo ^' + i,e* log ^ + ( 1 - i ) log2 ° +1 , . . .,z° n ). 

(Actually just as the choices of z\ G C, i = 1, . . . , n, the choice of 7^ can 
also be arbitrary. Here to be more specific, we explicitly give one particular 
choice.) Given any branch of a multivalued analytic function of Z\, . . . , z n 
in the simply connected region \z\\ > ■■■ > \z n \ > 0, < arg^ < 2n, 
i — 1, . . . , n, we have a unique analytic extension of this branch to the region 

\zi\ > ■■> \z k -i\ > \zk+i\ > \z k \ > \z k+2 \ > ■■> \z n \ > 0, 

0<arg^<27r, i = l,...,n, (2.21) 

determined by the path 7^. By commutativity for intertwining operators, 
there exist ^-modules W k and intertwining operators y k and 34+1 of types 

(whfr k+ J and (wk+iVv) ' res P ectivel y, sucn tn at for any Wi G W i; % = 1, . . . , n, 
w n G W n and w' n G W^, the branch of the analytic extension along j k of 

(w'^y^w^zx) ■ --yk(wk, z k )y k+1 (w k+1 , z k +i) ■ ■ ■y n {wn,z n )w n ) 

to the region (|2.21|) . is equal to 

(w' n , yi{wx, z x )--- y k -i{w k ^ u z k -i)y k+ i(w k+1 , z k+1 )- 

■y k {w k , Zk)y k +2(wk+2, z k+2 ) ■ ■ ■ y n (w n , z n )w n ) 

in the same region. 

By induction assumption, (j2.13|) holds when j = k. So (j2.13|) holds when 
Wj,Wj + x,Xj,Xj + x, yj and 3^'+i in ()2.13|) are replaced by w k+ \, w k , x k+ i, x k , 
y k +i and 34> respectively. Then when we substitute z±, . . . ,z n G C in the 
region (J2.21)) for Xi, . . . , x n , respectively, (|2.13|) becomes an identity for formal 
Laurent series in q whose coefficients are single-valued analytic branches in 
the same region. By the commutativity stated above, we know that all these 
coefficients can be analytically extended back to the region \z\\ > ■■■ > 
\z n \ > 0, < arg Zi < 2tt, i — 1, . . . , n, along the path 7^ to the single- valued 
analytic branches which are nothing but the coefficients of the formal Laurent 
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series in q obtained by substituting in (|2.13|) (with j = k + 1) Zi, ■ • • , z n 6 C 
for Xi, . . . , x n , respectively, when zi, • ■ ■ , z n are in the region \z\\ > ■ ■ ■ > 
\z n \ > 0, < arg^j < 27r, i = l,...,n. Since these analytic extensions are 
unique, we see that ()2.13|) with j — k + 1 holds. ■ 

Remark 2.3 In the proof of the theorem above, the use of the complex 
variable approach is essential. If we use formal variable approach, in the case 
of j = 1, the proof seems to be more complicated and in the case of j > 1, 
certain identities can still be obtained but they would involve P( x x e il iy ; q) 
(note the extra q in the first argument) for i < j. (After an early version 
of the present paper was finished and circulated, Milas informed the author 
that he also obtained independently some identities similar to (j2.1|) . (|2.2j) 
and the j ; = 1 case of (j2.1Hj) .) In fact, eventually we will have multivalued 
analytic functions corresponding to flat sections of certain vector bundles 
with flat connections over the moduli spaces of genus-one Riemann surfaces 
with punctures and standard local coordinates vanishing at the punctures. So 
if the convergence is proved, those identities with extra g's and the identities 
in the theorem above are related by analytic extensions. But if we have 
only the identities involving extra g's, we would not even be able to prove 
the convergence of the series and therefore cannot construct the multivalued 
analytic functions. 

Let Gi„ |>— >|zn|>o be the space of all multivalued analytic functions in 
Zi, . . . , z n defined on the region \zx\ > • • • > \z n \ > with preferred branches 
in the simply-connected region \z±\ > ■■■ > \z n \ > 0, < arg^ < 2n, 
i = 1, . . . , n. For any f(zi, . . . , z n ) G G|^ 1 | > ... > |^ l | > o, we have a multivalued 
analytic functions f(q zi , ■ ■ ■ ,Qz„) m . . . ,z n defined on the region \q Zl \ > 
• • • > \lz n \ > 0. All such functions form a space G| gn | > ... > |g Zri | >0 . We see that 

Tr^iUiq^Wt, q Zl ) ■ ■ ■ y n (U(q Zn )w n , q Zn )q L ^ 

and 

Gu+z^Tr^y^Uiq^Wi, q Zl ) ■ ■ ■ y n (U(q Zn )w n , q Zn )q L ^ 
for k > 1 are elements of &\ qgl \>...>\ qxn \>o{{q)) ■ 
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Theorem 2.4 Let Wi and Wi, i = 1, . . . ,n, be as in Proposition \2. 11 
Then for any u G V , u>j G Wi, i = 1, . . . , n, any integer j satisfying 1 < j < n 
and any I G Z+, in &\ qzi \>->\ qzn \>o((q)), we have 

^WV^i^feiVljO • ■■y j -i(U(q Zj _ 1 )w j ^ ll q Z] _ 1 )y j (U(q Z] )u^w j ,q Zj )- 
■yj+i{U{q Zj+x )w j+1 ,q z . +1 ) ■ ■ ■y n (U{qz n )w n ,q Zn )q m 

= E(- 1 )' +1 (T-i 1 )^ +2(g)Tr ^ 3;i(wfei)wl ' g2i) ' 
fc>i ^ ' 

■ ■ •yj-i(U(q Zj _Jwj- 1 ,q Zj _ 1 )y j (U(q Zj )u 2 k+2-iW j ,q Zj ) ■ 
■y j+ l(U(q Zj+1 )w j+1 , q Zj+1 ) ■ ■ ■ y n {U{q Zn )w n , q Zn )q m 

i^j m>0 ^ ' 

■ ■ ■yi-i{U{q z ^ 1 )w i ^q Zi _ 1 )y i {U{q Zi )u m w h q Zi ) ■ 
■y i+ l(U(q Zi+1 )w i+1 ,q Zi+1 ) ■ ■ ■y n {U{q Zn )w n ,q Zn )q m 

■n 

)w i ^ u q Zi _ 1 ) ■ 

i=i 

■yi{U{q Zi ){ui +UoZi)wi,q Zi )y i+1 (U{q Zi+1 )w i+ i,q Zi+1 ) ■ 

■■■yn(U(q Zn )Wn,q Zn )q m 
+5 l)1 Tr^ n o{U(l)u)y 1 (U(q Zl )w 1 ,q Zl ) ■ ■ ■ y n (U(q Zn )w n , q Zn )q L{0) . (2.22) 

Proof. Let Zx,...,z n G C satisfying \q Zl \ > ■■■ > \q Zn \ > 0. Then from 
()2.14|) and the domain of convergence of the g-coefficients of P m (^-, q) for 

m > 1, we see that for 2 in a sufficiently small neighborhood of 0, we can 
substitute z,q Zl , . . . , q Zn for y,Xi, . . . , x n in (|2.13jl so that both sides of (j2.13|) 
become formal series in q whose coefficients are analytic functions of z. Using 
fl2.12j) after these substitutions, we obtain 

T^wMUilzi)™^ Q*i) ■ ■ ■ yj-i( u (.qz 3 -i) w 3-^ ^-i)^(W(g^)y(w, z)wj, q Zj )- 
■y j+1 (U(q Zj+1 )w j+1 , q Zj+1 ) ■ ■ ■ y n {U{q Zn )w n , q Zn )q m 

E(- X ) m+1 (Pm + l(-z; q) + ^(G 2 (q)z + Tri)) ■ 

m>0 K ' 



•^^^^(^Jwi, q Zl ) ■ ■ ■ yj-^Uiq^Wj-i, q Zj _ t ] 
■yj(U(q Zj )u m w j: q Zj )y j+1 (U(q Zj+1 )w j+1 , q Zj+1 ) ■ 
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■■■y n Mq Zn )w n ,q Zn )q L ^ 
+ E E^ 1 )^ 1 ~ z, - z; q) 



H-l) m+1 -^(G 2 (q)(^-^-z)-™) 

■ r ^W n yi(^( ( lzi)wi,q zl ) ■ ■ ■y i -i{U(q Zz _ 1 )w i ^ l ,q Zt _ 1 ) ■ 
■yi(U(q Zi )u m Wi, q Zi )y i+1 (U(q Zi+1 )w i+1 , q Zi+1 ) ■ 

■■■y n (M(q Zn )w n ,q Zn )q m 
+Tr^ n o{U{l)u)y 1 {U{q zl )w 1 , q Zl ) ■ ■ ■ y n (U(q Zn )w n , q Zn )q m ■ (2-23) 

For I > 2, taking the ^'^-coefficients of both sides of (|2.23|) and using (|2.8|) . 
(I2.11J1 and the Taylor expansion formulas for p m+ \(zi — zj — z\ q) as functions 
of z, we obtain ()2.22|) in this case. For I = 2, the right-hand side contains an 
extra term 

n 

-G 2 (q) Tr w n yi ( u ) w i > 9*i ) ■ ■ ■ (W (g^.Jwj-i, q Zi _ x ) ■ 
i=i 

•;Vi(W(&>ou>i, g Zi )^+i(ZY(g^ +1 )^i+i, • • ■yn{U(q Zn )w n ,q Zn )q m 



which is equal to by (|2.2|) . For Z = 1, the right-hand side contains the two 
extra terms in the right-hand side of ()2.22|) and also contains terms 

n 

i=i 

•^(W(g 2 Ju ^,g Zl )3 ; J +i(W(g^ +1 )u;i +1 ,g 2i+1 ) ■ ■ ■ y n {U(q Zn )w n , q Zn )q m 

and 

n 

~ z i Tr # n ^i( W (9*i)wi, & J ■ • ■ ^(W^JWi-i, q Zi _ x )- 

i=l 

■y i (U(q Zi )u w i ,q Zi )y i+1 (U(q Zi+1 )w i+1 ,q z ) • • • y n (U(q Zn )w n , q Zn )q m 



which are again equal to by (|2.2j) . 

Since both sides of ()2.22|) are in CS-i q^,,^ |>--->|<3^ 5ri |>o((^ r )) ; ()2.22|) hold in this 
space. ■ 
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3 Differential equations 



We shall fix a positive integer n in this section. Let 

R = C[G 4 (q), G e (q), p 2 (zi - zf, q), p 3 (zi - zf, q)}i, j= i,..., n , i<j, 

that is, the commutative associative algebra over C generated by the series 
Gi(q), G e (q), p 2 (zi - Zj-,q) and p 3 {z { - z^q) for i,j = l,...,n satisfying 
i < j. (Note that by definition, when n = 1, R is the commutative associative 
algebra over C generated by the series G 4 (g) and G e (q).) By definition, R is 
finitely generated over the field C and thus is Noetherian. We have: 

Lemma 3.1 For k > 2, m > 2, i, j — 1, . . . , n, i ^ j, 

G 2 k{q) q)ER. 

Proof. It is known (see, for example, [K]) that any modular form can be 
written as a polynomial of G^{t) and Gq(t). In particular, G2k{i~) for k > 2 
can be written as polynomials of G±{r) and Gq(t). Since G 2 k(q) for k > 2 are 
nothing but the g-expansions of G 2 k(r), they can be written as polynomials 
of Gi{q) and G§(q) and thus are elements of R. Also using the relation 

-^P2(z; rf = Ap 2 (z; r) 3 - Q0G 4 (r)p 2 (z; r) - 140G 6 (r) 

(see, for example, [K] or |Laj ) and induction, it is easy to see that p m (z,r) 
for m > 2 can be written as polynomials of G 4 (r), G 6 (r), p 2 {z\ r) and 

d 

— p 2 (z\ r) = -2ps(z;r). 

Since G 4 (g), G 6 (q) and p m (z; q) for m > 2 are nothing but the g-expansion of 
G 4 {t), Gq{t) and p m (z; r), respectively, p m (z; q) for m > 2 can be written as 
polynomials of G 4 (g), G 6 (g), p 2 (z;q) and p 3 (z;g). Consequently for m > 2 
and i, j = 1, . . . ,n, i < j , p m (zi — Zj\ q) can be written as polynomials of 
G 4 (q), Ge(q), p 2 {zi — Zj-,q) and p 3 (zi — Zj\q) and thus are elements of R. 
Since p m (z; q) for m > 2 are either even or odd in z, p m (zi — Zj] q) for m > 2, 
i, j — 1, . . . ,n, i > j are also in i?. I 

As in the preceding two sections, we fix a vertex operator algebra V of 
central charge c in this section. We say that a V^-module W is C 2 -cofinite or 
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satisfies the C2-cofiniteness condition if dim W/C 2 (W) < oo, where C 2 (W) 
is the subspace of W spanned by elements of the form u_ 2 w for u G V and 
w G W . In this section, we assume that all ^-modules are M-graded and 
CVcofinite. We also assume that for any Wi and Wi, 3^ i = 1, . . . , n, as in 
Proposition 12.11 any Wi G Wi (i — 1, . . . , n), w n G lf n and w' n G W 7 ^, 

(w^, (wx, Zx) ■ ■ ■ y n (w n , z x ) w n ) Wn 

is absolutely convergent when \z x \ > • • • > \z n \ > 0. We also assume that the 
commutativity and associativity for intertwining operators hold. Note that 
all the conditions on the vertex operator algebra V assumed in the preceding 
two sections hold. So we can use the results of these sections. 

Let T = R <g W\ <8> ■ ■ ■ <8> W n . Then T and also G| 92! \>->\q Zn \>o{{q)) are 
-R-modules. 

Let J be the i?-submodule of T generated by elements of the form 
Aj(u;wi, ...,w n ) 

= 1 (g Wi (g • • - <g Wj^i <g U_ 2 Wj ® W j+ i g) ■ ■ ■ <g U7 n 

+ ^(2A; + l)G 2 fc+2(g) (g wi <g • • • <g <g M2fcWj <g w j+1 (g 

+EEH)>+i) 

i^j m>0 

Pm+2(-2j - %S ?) <g Wl <g • • " <g <g MmWi <8> <8> 

for j = 1, . . . , n and tUj G Wi, i = 1, . . . , n. 

The gradings (by conformal weights) on Wi for i = l,...,n induce a 
grading on T and this grading on T induces a grading on J. We shall use 
T/ r ) and J( r ) to denote the homogeneous subspaces of T and J, respectively, 
of conformal weight r G R. Let F r (T) = LL< r T( s ) an d ^r(^) = LL< r ^(s)- 
We also introduce another grading on R and T. We say that the elements 
G 2 k(q) for any k > 1 have modular weight 2k and the element p m (zj — ^; g) 
for any m > 2 and i < j have modular weight m. These modular weights 
of the generators of R give a grading which is called the grading by modular 
weights. For m6Z, let R m be the subspace of R consisting of all elements of 
modular weight m. Then we have R m = if m < and R = (BmemRm- An 
element of T is said to have modular weight m if it is a linear combination 
of elements of the form / (g u>\ <g ■ ■ • (g w n where W\ G W\, . . . , w n G W n are 
homogeneous and / G i? has modular weight m — X^ILi w ^ ^i- We have: 



• • • (g m 



• • • (g m 



28 



Proposition 3.2 Let Wi G W\,...,w n G W n be homogeneous. For j = 
1, . . . , n, Aj have modular weight XT=i wt + 2. In particular, the grading 
by modular weights on T induce a grading, also called the grading by modular 
weights, on T / J . 

Proof. The conclusion follows directly from the definition of Aj. ■ 

Proposition 3.3 There exists N G M. such that for any r G R, F r (T) C 
F r {J) + F N {T). In particular, T = J + F N (T). 

Proof. Since dim Wi/C2(Wi) < oo for i — 1, . . . , n, there exists iVGl such 
that 

n 

]J T {r) C R <g> <8> • • • <8 W^_i <8 C 2 (W^) <g> <g> W n . (3.1) 

r>7V j=l 

We use induction onreR. If r is equal to N, F N (T) C F N (J) + Fjv(T). 
Now we assume that F r (T) C F r (J) + Fn(T) for r < s where s > N. We 
want to show that any homogeneous element of TL) can be written as a sum 
of an element of F S (J) and an element of F N (T). Since s > iV, by (j3.1J) . 
any element of Tt 8 \ is an element of the right-hand side of 1)3.1)1 . Thus this 
element of T( s ) is a sum of elements of 

<g> Wi ® • • • <g> Wj-i <g> C 2 (Wj) <g> W^+i (8) 

for j = 1, . . . , n. So we need only discuss elements of the form 

1 <8 Wx <8 • • • <8 <8> w_ 2 Wj <8 Wj+i <8 • • ■ <8 w« (3.2) 

where u>j G Wj for z = 1, . . . ,n and u G V". By assumption, the conformal 
weight of (j3.2j) is s and the conformal weights of 

1 <8> ui\ (8 ■ ■ ■ <g> <8 -u 2fc Wj (g) w j+ i ® ■ ■ ■ ®w n 

for /c G Z + and 

1 <8 iwi <8 • • • (8) Wi-x (8 M m Wj <8 Wj+i (8 • • • (8 w n 

for i j and m > are all less than the conformal weight s of ()3.2)) . So 
A,(u; lOi, . . . , G F S (J). Thus (13 .2)1 can be written as a sum of an element 
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of F S (J) and elements of T of conformal weights less than s. Then by the 
induction assumption, we know that (|3.2j) can be written as a sum of an 
element of F S (J) and an element of Fn(T). 
Now we have 

T = U rm F r (T) 

C U reR F r (J) + F N (T) 
= J + F N (T). 

But we know that J + Fn(T) C T. So we have T = J + F/v(T). ■ 



Corollary 3.4 The quotient R-module T/J is finitely generated. 

Proof. Since T = J+Fn(T) and Fn(T) is finitely-generated, T / J is finitely- 
generated. ■ 

For ^-modules Wi and Wi, i = 1, . . . ,n, and intertwining operators y^, 
i = 1, . . . , n, as in Proposition 12.11 and for any u>j £ Wj, i = 1, . . . , n, we 
shall consider the element 

Fy u ...,y n ( w u ■ ■ -,w n ; z 1} . . . , z n ; q) 

= Tr^y^Uiq^Wi, q zi )--- yi(U(q Zn )w n , q Zn )q m ~^ (3-3) 

of G| 9zi | > ... > | 9z j >0 ((g)). The map from W x <g> • • • <g> W n to N given by 

Fy u ,„ i y n (w 1 , . . . ,w n ;zx, . . . , Z n ] q) 

can be naturally extended to an i?-module map 

*Pyi,.,y n : T -> G kzi |>... >kzn | >0 ((g)). 

Remark 3.5 We consider ()3.3|) instead of 

Tr^i (#V, S*J " • • y n (q^ 0) w n , q Zl ) q L ^ 

because ()3.3|) satisfies simple identities and have simple duality properties. 
Geometrically, ()3.3|) corresponds to a torus with punctures and local coordi- 
nates whose local coordinates at the punctures are the standard ones in terms 
of the global coordinates on the torus obtained from the parallelogram defin- 
ing the torus. In fact, to construct and study chiral genus-one correlation 
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functions, we need to use the description of tori in terms of parallelograms. 
But geometrically g-traces of products of intertwining operators correspond 
to annuli, not such parallelograms. Thus we have to use the conformal trans- 
formation w t— > w = q w to map parallelograms to annuli. Under this map, 
the standard local coordinates w — q Zi vanishing at q Zi for i — 1, . . . , n on an 
annulus are not pulled back to the standard local coordinates w — Zi vanishing 
at Zi, respectively, on the corresponding parallelogram. The operators U{q Zi ) 
for i = 1, . . . ,n correspond exactly to the local coordinates vanishing at q Zi , 
respectively, on the annulus such that their pull-backs to the parallelogram 
are the standard local coordinates vanishing at Zi, respectively. 

We have: 

Proposition 3.6 The R-submodule J of T is in the kernel of ' if > y 1 ,...,y n - 

Proof. This result follows from the definitions of J and ipy 1} ... t y n and the case 
I = 2 of (I2~221) immediately. ■ 



Proposition 3.7 — l)-derivative property) Let Wi and Wi for i = 

l,...,n be V -modules and y,i intertwining operators of types (^^.) fi — 
1, . . . , n, Wq = W n ), respectively. Then 

d 

-Q^ F yi,-yS w U ■ ■ ■ ,w n ;z 1 , . . . , z n ; q) 

= F yi,..,yn( w U Wj-i, Wj+i, ...,w n ;z 1 ,...,z n ;q) 

for 1 < j < n and Wi G Wi, i — 1, . . . , n. 

Proof. The result follows immediately from the definition (J3.3|) and Propo- 
sition 11.31 I 



Lemma 3.8 Let Wi and Wi for % = 1, . . . , n be V -modules and intertwin- 
ing operators of types { w ^) (i = 1, W = W n ), respectively. Then 
for j = 1, . . . , n and any homogeneous elements Wi G Wi, . . . , w n G W n , 

d ~ n n d d 
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■Fy^.y^Wi, . . . ,w n ; zx, . . . , z n ; q) 
= F yi,-,y n • • • , Wj-i, L(-2)wj, Wj+i, ...,w n ;zi,...,Zn;q) 

k>l 

■ F yi,..,y n ( w ii ■■■■> w i-ii L(2k)wj, w j+1 , ...,w n ;zx,...,z n ;q) 
+ ^{-^Tpm+M - z s \ q) ■ 

i^j m>l 

'Fyi,...,y n { w i> • • • > w i-i> L ( m ~ l ) w h ...,w n ;z 1 ,...,z n ]q). 

(3.4) 

Proof. In (I2.22J1 . we take u — uj and I = 1. Using uj m = L(m — 1) for m G Z 
and Lemma fl.ll we obtain (|3.4|) . I 

For simplicity, we introduce, for any a G C, the notation 

d ~ ~ n d d 

Oj(a) = (2-nifq— + G 2 {q)a + G 2 {q)^Zi— -^p^Zi - zf.q) — 

i=l * i^j * 

for j = 1, . . . , n. We shall also use the notation 



to denote 

0( ai )---0(a m ). 
Note the order of the product. We have: 

Theorem 3.9 Let V be a vertex operator algebra satisfying the conditions 
stated in the beginning of this section and let Wi for i = l,...,n be V- 
modules. Then for any homogeneous Wi G Wi (i — 1, . . . , n), there exist 



q) G Rp, bp i(z!, . . . , Zn; q) G R 



2p 



for p = 1, . . . , m and i = 1, . . . , n such that for any V -modules Wi (i 



1, . . . , n) and intertwining operators 3^ of types ( u/ \^.) (i — i, ■ ■ ■ ,n, Wo 



WiWiJ 
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W n ), respectively, the series \3. satisfies the expansion of the system of 
differential equations 

^ + l^ a P ,i( z i,---, z n-,q)-^=f = o, (3.5) 

* p=l j 
m / n \ 

I wt + 2(m -k))(p 

k=l \ i=l / 

m rn—p / n \ 

+ I ^wt + 2(m-p - fc) U = 0, (3.6) 

p=l fe=l \i=l / 

z" = 1, . . . ,n ; zn £/ie regions 1 > |g 2l | > • • • > > |g| > 0. 

Proof. For fixed u>, G W$, z = 1, . . . , n, let IT for z = 1, . . . , n be the i?- 
submodules of T / J generated by 

[1 ® wt ® • • • ® iWi_i <g> L fc (-l)wi <g> iw i+1 ® ■ ■ • <g> ty„] (3.7) 

for fceN, respectively. Since R is Noetherian and T/ J is a finitely-generated 
i?- module, the .R-submodules Ilj for z = 1, . . . ,n are all finitely-generated. 
Thus there exist a Pt i(zi, . . . , z n ; q) € R for p = 1, . . . , m and z = 1, . . . , n such 
that in Ilj 

[1 <g> wi <g> • • • <g> Wj_i ® L m (-l)wj <g> iw i+1 g) • • • <g> iw n ] 

m 

+ a p, ■ ■ ■ j %n\ <?) ' 

p=l 

•[1 ® ® • • • ® tWi_i <g> L m_p (-l)Wj <g> ® • • • <g> W n ] 

= 0. (3.8) 

(Note that in the argument above, we actually first obtain a P) i(z±, ... , z n ; q) 
for p = 1, . . . ,m for any fixed z. Thus m in fact depends on z. But since 
there are only finitely many z, we can always choose a sufficiently large m such 
that it is independent of z.) Since for any k > 0, ()3.7|) has modular weight 
Y^i=i Wi + ^, we see fr° m f|3-8|) that a Pi i(zi, . . . , z n ; q) for p — 1, . . . , m and 
% — 1, . . . , n can be chosen to have modular weights p. Applying ipy lt ... } y n to 
both sides of ()3.8|) and then using the L(— l)-derivative property (Proposition 
13. 7|) for (|3.3|) . we see that (|3.3|) satisfies the equations (|3.5j) . 
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On the other hand, let Qi : T — > T for i = 1, . . . , n be the linear map 
defined by 

Qi(l ® wx <8 • • • <8 w n ) 

= 1 ® wi ® - • • ® <g> L(—2)wi <g> w i+ i ® ■ ■ ■ ®w n 

- 22 G2k+2{<l) ® w\ ® ■ ■ ■ ® Wi-i <2> L(2k)wi ® w i+ x ® ■ ■ ■ ® w n 

k>l 

j T^i m>l 

(8>wi <2) • - • <£> ti>i-i £g> L(m — l)wi ® Wi+i <S> ■ ■ ■ ® u> n . 

For the same fixed u>; e Wj, i = 1, . . . , n, as above, let Aj for z = 1, . . . , n be 
the .R-submodules of Tj J generated by [Q}\{\®W\®- ■ -®w n )] fork > 0. Since 
R is Noetherian and Tj J is a finitely-generated i?- module, the .R-submodule 
Aj is also finitely generated. Thus there exist b Pt i(zi, . . . , z n \ q) G R for 
p — 1, . . . , m and for % = 1, . . . , n such that in Aj 

t 

g) tui ® • • • ® iw„)] + ^ &„, j(zi, . . . , z n ; q) ® w x ® • • • ® iu n )] = 0. 

P =i 

(3.9) 

(Note that using the same argument above we can always find m sufficiently 
large such that it is independent of i. But in general it might be different 
from the m in (|3.8p . But we can always take the m in ()3.8|) and the m 
obtained here to be sufficiently large so that these two m are equal.) Since 
[Qi (1 ® Wi ® ■ ■ ■ ® w n )] for any k > has modular weight Y17=i Wi + ^> we 
see from (13. 9|) that b Pt i(z%, . . . , z n ; q) for p = 1, . . . , m and i = 1, . . . , n can be 
chosen to have modular weights 2p. Applying ipy lt ...y n to both sides of ()3.9|) 
and then using ()3.4|) . we see that ()3.3|) satisfies (|3.6jl . ■ 

4 Chiral genus-one correlation functions and 
genus-one duality 

In this section, using the systems of differential equations obtained in the 
preceding section, we construct chiral genus-one correlation functions and 
establish their duality properties. 
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We still fix a vertex operator algebra V satisfying the same conditions 
assumed in the preceding section. 

Theorem 4.1 In the region 1 > \q Zl \ > ■ • • > \q Zn \ > \q T \ > 0, the series 

F yi,-,y n (wi, ...,w n ;z 1 ,...,z n ; q T ) (4.1) 

is absolutely convergent and can be analytically extended to a (multivalued) 
analytic function in the region given by 9f(r) > (here $s{t) is the imaginary 
part of t), z-i 7^ Zj + kr + I for i, j — 1, . . . , n, i ^ j , k,l eZ. 

Proof. We know that the coefficients of (J4.1j) as a series in powers of q T are 
absolutely convergent when 1 > \q zi \ > ■ ■ ■ > \q Zn \ > 0. So for fixed zi, . . . , z n 
satisfying 1 > \q Zl \ > ■ ■ ■ > \q Zn \ > 0, (|4.1j) is a well-defined series in powers 
of q T . For fixed Z\,...,z n satisfying 1 > \q Zl \ > ••• > \q Zn \ > \q T \ > 0, 
the ordinary differential equation (J3.6)l with the variable q T has a regular 
singular point at q T = 0. Since the series 1)4.1)1 satisfies ()3.6)) with g = q T , it is 
absolutely convergent as a series in powers of q T . Since the coefficients of the 
equation ([3.6)1 are analytic in Zi, . . . , z n , the sum of ()4.1)1 as a series in powers 
of q r is also analytic in z\, . . . , z n . In particular, ()4.1)) as the expansion of an 
analytic function in the region 1 > \q Zl \ > ■ ■ ■ > \q Zn \ > \q T \ > must be 
absolutely convergent as a series of multiple sums. Thus the sum of this series 
is analytic in z±, . . . , z n and q T and give a (multivalued) analytic function in 
the region 1 > \q zi \ > ■ • • > \q Zn \ > \q T \ > 0. So the first part of the theorem 
is proved. 

Now we know that the coefficients of the system ()3.5j) - (|3.6)) with q = q T 
are analytic in zi,...,z n and r with the only possible singularities Z{ ^ 
Zj + kr + I for i,j = 1, . . . , n, i ^ j, k,l G Z. So 1)4.1)1 as a solution of the 
system in the region 1 > \q Zl \ > ■■■ > \q Zn \ > \q\ > can be analytically 
extended to the region given by 9f(r) > 0, Zi ^ Zj + kr + I for i, j = 1, . . . , n, 
i^j,k,leZ. ■ 

We shall call functions in the region ^(r) > 0, Zj ^ Zj + kr + I for 
i,j = 1, . . . , n, i j, k, I 6 Z obtained by analytically extending (j4.1)l (chiral) 
genus-one correlation functions or simply genus-zero correlation functions 
and we shall use 

■■■,w n ;z 1 ,...,z n ;r) (4.2) 

to denote these functions. 
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Theorem 4.2 (Genus-one commutativity) LetWi andWi beV -modules 
and y { intertwining operators of types (i = 1, • • • ,n 7 W = W n ), re- 

spectively. Then for any 1 < k < n — 1, there exist V -modules W k and 
intertwining operators y k and 34+i °f types { W ^ k+ J an d i^ k ~^ ) > respec- 
tively, such that 

F yi,-,y n ( w i, ■ ■ ■ , w n] zi, . . . , z n ; q T ) 

and 

F yu---,y k -,,yu + uy k ,yu + 2..,yS w ^ • • • > w "-u w k+u w k , w k+2 , ...,w n] 

z \i ■ ■ ■ i z k -i, Zk+1, z k , z k +2, ■ ■ ■ , z n ; q T ) 
are analytic extensions of each other, or equivalently, 

F yi,.,y n ( w i> ■ ■ ■ > w n, zi, . . . ,z n ; r) 

= T yi,.,y k -uy k+ uy k ,y k+ 2..,y n (™i> • • • > w ^ w k , w k+2 , ...,w n ; 

Zi, ■ ■ ■ , z k -±, Zk+i, z k , Zk+2, ■ ■ ■ , z n ; t). 

More generally, for any a G S n , there exist V -modules Wi (i — 1, . . . , n) and 
intertwining operators y% of types (i — 1, . . . ,n, W = W n = W n ), 

respectively, such that 



Fyi,...,yn( w i, ...,w n \z u ...,z n \ q T ) 

and 

^Vi.-^n^C 1 )' • • • i w <n)\ z a (i), . . . , z a ( n y,q T ) 
are analytic extensions of each other, or equivalently, 

Fy^y^Wi, . . . ,w n ; z u . . . , z n ;r) 

= Fy lt ___ !yn (w a ^), . . .,w a ( n y, z a (i), . . . , z CT ( n );r). 

Proof. This follows immediately from commutativity for intertwining oper- 
ators. I 

For any V-module W and r e R, we use P r to denote the projection from 
W orWto W (r) . 
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Theorem 4.3 (Genus-one associativity) Let Wi and Wi for i = 1, . . . , n 

be V -modules and 3^ intertwining operators of types (i = 1, 

Wo = VV ny ), respectively. Then for any 1 < A; < n — 1, there exist a V -module 
W k and intertwining operators 34 and 34+1 of types ( w ^ k+1 ) an d {-^^ )> 
respectively, such that 

T yu-,y k -iy k+ .y k+ 2,-y n ( w ^ ■ ■ ■ > ™*-i> ^ ~ z *+iH+i» 

• • • , zi, . . . , Zk-i, Zk+i, ■ ■ ■ , z n ; t) 



reIR 



• • • , w n ; zi, . . . , 2fc-i, • • • , z n ;T) 

(4.3) 

zs absolutely convergent when 1 > |g zi | > ■■■ > |<7* fc _J > \q Zk+1 \ > ... > 
Ifel > | 9-t-I > and 1 > \q( Zk _ Zk+1 ) — 1| > and zs convergent to 

Fy 1 ,...,y n (w 1 , . . . ,w n ; z 1: . . . , z n ;r) 

when 1 > |g 2l | > • • • > \q Zn \ > \q T \ > and \q( Zk - Zk+1 ) 

| > 1 > \q( Zk - Zk+1 )-M > 

0. 



Proof. Using Proposition 11.41 we know that for any 1 < k < n — 1, there 

f w k 

\W k W k+1 



exist a V-module W k and intertwining operators 34 and 34+1 of J 



and (^T^ 1 ), respectively, such that for any z±, . . . , z n G C satisfying 1 > 
\q Zl \ > ...> \q Zn \ > and \q Zk+1 \ > \q Zk - q Zk+1 \ > 0, we have 

(w' n , y 1 {U{q zl )w l) q Zl )--- y k -i{U{q Zk _ x )w k ^ q Zk _J- 

■y k+ i{U{q Zk+1 )y k {w k , z k - z k+1 )w k+ i,q Zk+1 ) ■ 
■y k +2(U(q Zh+2 )w k+2 ,q Zh+2 ) ■ ■ •y n {U{q Zn )w n ,q Zn )w n ) 
= {w' n ,yi(JA(q Zl )wi,q Zl ) ■ ■ ■y n (U(q Zn )w n ,q Zn )w n ) (4.4) 

for any w n G W n and w' n G W' n . Thus as series in q, 

Tr w„3M^feiVi,g 2l ) • • -;Vfc-i(W(g Zfc _i) w *-i>& fc -i)- 

•j)fc+i(W(g^ fc+1 )i'fc(iUfc, - Zfc+i)iufc + i, g 2fc+1 ) • 
•:Vfc+ 2 (Z%* fc+2 W+2, g* fc+2 ) • • ■y B (%K,gJg £(0) "» 
= Tr^iCWCfoH.fe) • • ■y„(W(g ii ,K.Off 1(0) "*- ( 4 -5) 
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Since the right-hand side of (|4.5|) is convergent absolutely when q = q T and 
1 > \q Zl \ > ■■■ > \q Zn \ > \q T \ > 0, the left-hand side is also convergent 
absolutely when q = q T , 1 > \q Zl \ > ■■■ > \q Zn \ > \q T \ > and \q Zk+1 \ > 
\q Zk — q Zk+1 \ > 0. Also, since the right-hand side of ()4.5|) satisfies the system 
()3.5p - ()3.6|h so does the left-hand side. Thus the left-hand side of f!4.5|) with 
q = q T is convergent absolutely to an analytic function, in the region 1 > 
\q zi \ > - • • > \q Zn \ > \q T \ > and \q Zk+1 \ > \q Zk - q Zk+1 \ > 0, which can be 
analytically extended to the multivalued function 

F yi,.~,y»( w i> ■■■,w n ;zx,...,z n ;r) 

on C n x EL Moreover, in the region 1 > |g zi | > ■ • • > |gz fc _J > \q Zk+1 \ > ■ ■ ■ > 
\Qz„\ > \Qt\ > and 1 > \q^ Zk - Zk+1 ) — 1| > 0, this function has the expansion 
(|4.3p . proving the theorem. ■ 

5 The regularity of the singular points for 
fixed q = q T 

In this section, we prove that for fixed r G H, we can actually obtain the 
coefficients in the system f!3.5|) with q = q T such that (|3.5J) with q = q T is 
regular at its singular points of the form Zi = Zj + ar + (3 for 1 < i < j < n. 
In particular, at these singular points, all the chiral genus-one correlation 
functions as functions of Zi,...,z n are regular. The method used here is 
an adaption of the method used in |H9j . Though it will be important for 
the further study of chiral genus-one correlation functions, the result in this 
section will not be needed in the next two sections. 

As in the genus-zero case discussed in |H9j . we need certain nitrations 
on R and on the -R-module T. For m G Z + + 1, let F^ ng (R) be the vector 
subspace of R spanned by elements of the form 

/(?) II - z i> - zj; q)) k] 

l<i<j<n 

where hjjij G Z + satisfying Y.i<i<j<n 2 hj + 3h,j < m and /(g) is a 
polynomial of G±{q) and Ge(q). Clearly these subspaces of R give a fil- 
tration of R. With respect to this filtration, R is a filtered algebra, that is, 
F%*(R) C F^(R) form! < m 2 , R = U meZ F^(R) and F%*(R)F%*{R) C 

C+m 2 (^) for an y mi,m a e Z+ + 1. 
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Lemma 5.1 For m G Z + + 1 and i,j = 1, . . . ,n satisfying i < j, we have 
p m {z i -z j ;q)&F^{R). 

Proof. Using induction, this lemma follows easily from ()2.8|) . the fact that 
Pm(2i Zj ; q) is a polynomial of p 2 (^ - 2?; <?) and p 3 (zj - Zj\ q) and the fact 
that p m (zi — zj; q) is either even or odd in the variable Zi — Zj. ■ 

For convenience, we shall use a to denote Y17=i w ^ Wi ^ or homogeneous 
Wi G Wi, i = 1, . . . ,n, when the dependence on u>j is clear. Let F r smg (T) for 
r e 1 be the subspace of T spanned by elements of the form 

/(<?) II ~ z i\ q))"*''^* ~ *3l <l)) li ' j I & ■ ■ ■ ®w n 

where /.•,.,./,., G Z + satisfying ]T\ ,. r „ + ^kj + & < r and /(g) is 
a polynomial of 64(5) and Ge(q). These subspaces give a filtration of T 
in the following sense: F r sing (T) C F s sing (T) for r < s; T = U reR F r sing (T); 

Let F r smg (J) = F r sing (T) n J for r G f . Then we have the following: 

Proposition 5.2 For any r G R, i/iere exzsts N G R smc/i i/iai F^ ing (T) C 
F^(J) + F N (T). 

Proof. The proof is a refinement of the proof of Proposition 13.31 The only 
additional property we need is that the elements Aj(u, Wi, . . . , w n ), are all in 
F^ e u+cr ( J). By Lemma EIH this is true. I 

Let PJ eg be the commutative associative algebra over C generated by the 
series G 4 (q), G 6 (q), {zi - Zj) 2 p 2 (zi - zy, q), (z { - Zj) 3 p 3 (zi - zy q) and z { - Zj 
for i, j = 1, ... ,71 satisfying i < j. Note that _R reg is a subalgebra of the 
algebra R\z; t — Zj]i<j<j< n - Since i? reg is finitely generated over the field C, it 
is a Noetherian ring. We also consider the i? reg -module 

T reg = eg ®W 1 ®---®W n . 

Note that T reg is a subspace of 

R[Zi - Zj]i<i<j<n ® W x <g> • • • ® W n . 



39 



The grading by conformal weights on W\ ® • • • ® W n induces a grading (by 
conformal weights) on T reg . Let T^ g for r G R be the space of elements of 
T reg of conformal weight r. Then T reg = U reR T^ 8 ; . 

Let Wj G Wi for z = 1, . . . , n be homogeneous. Then by Proposition 15.21 

w 1 <g> • ■ • ® w n = Wi + W 2 

where Wi G F^ ing ( J) and W 2 G F N (T) (and tr = ^=1 wt w i)- 

Lemma 5.3 For any s G [0, 1), there exist S G R suc/i i/iai s + 5 G Z + 
and /or any homogeneous u>, G Wj, i = l,...,n, satisfying a G s + Z, 

il^w* - ^r +5 w 2 g T- g . 

Proof. Let 5 be a real number such that s + S E Z + and such that for any 
r G R satisfying r < —S, Tr r \ = 0. By definition, elements of F r smg (T) for 
any r G R are sums of elements of the form 

(/(?) II (p2(^-^sg)) fcl ' 3 (p 3 (^-^;g))' IJ I ®wi®---®w n 

where fc^j, kj G Z + satisfying 

n 

^2 2 hj + 3k,j + ^2 wt n)i < r (5.1) 

l<i<j'<n i=l 

and /(g) is a polynomial of G^g) and G 6 (g). Since for nonzero wi ® • • • ®it) n , 
5^=1 w ^ ^» > — ^ which together with (|5.1|) implies 

l<i<j'<n 

or 

r + S - 2 hj + 3h,j > 0. 

l<i<7<n 

Consequently 

r + S - (2kij + 3/ij) > 0, 1 < i < j < n. 
Thus IIi<«j<»(* - ^) r+5 ^ smg (^) G ^ reg - 
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By definition, 
where 

Wi g Fr g (J) c F* ing (T). 

By the discussion above, rii<j<j<n( z « — Zj) <J+s '>Vi G T reg and by definition, 

w <g> wi ® w 2 ® w 3 G T reg . 
Thus ni<<<j<„(* - ^) CT+5 W 2 G T reg . ■ 

Theorem 5.4 Let Wj and tWj G for % = 1, . . . , n be the same as in Theo- 
rem VJ.iA and let r G H. T/ien t/iere exist 

*^p> ■ ■ ■ ' 0) ^ ~^p 

/or p — 1, . . . , m and j — 1, . . . , n such that the (possible) singular points of 
the form Zi = Zj + ar + /3 for 1 < i < j < n and a, (3 G Z of the system \3. 5)) 
with q = q T satisfied by 

F yi,...,y n ( w i> ■■■,w n ;z 1 ,..., z n \ q T ) 

are regular. 

Proof. We need only prove that for any fixed integers i,j satisfying 1 < % < 
j < n}, the singular point Zi = Zj is regular because the coefficients of the 
system (|3.5|) are periodic with periods 1 and r. 
By Proposition 15.21 for k — 1, . . . ,n, 

1 <8 w x ® ■ ■ ■ <g> w k ^ <g> L p {-l)w k ® w k+1 <8 • • • <8 w n = W[ p) + W^ p) 

for p > 0, where G F^(J) and W ( 2 p) G F N (T). 

By Lemma 15.31 there exists 5 G K. such that o~ + S 1 G Z + and 

H - Zj ) a+p+s yv^ g T reg 

l<i<j'<n 

and thus 

II (« - Zj y^ s w? g I] r;f 

l<i<j<n r<N 
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for p > and 1 < % < j < n. Since R veg is a Noetherian ring and U r<Ar 

is a finitely-generated _R reg -module, the submodule of \J r<N T™ g generated 

by rii<i<i<n( z « — Zj) aJrP+s W^ for p > is also finitely generated. Let 



JI & - Zj y +m - p+s wt~ p) 

l<i<j<n 



for p = 1, . . . , m be a set of generators of this submodule. (Note that as in 
the proof of Theorem 13.91 we can always choose m to be independent of i.) 
Then there exist c Pt i(zi, . . . ,z n ;q) G R reg for p — 1, . . . , m such that 

n {zi-ztf+^w^ 

l<i<7<n 

m 

= -£<*,,(*!,..., *.;?) J] ( Zi - z 3 y +m - p+s wi m - p) . (5.2) 

p=l \<i<j<n 

Since W^™ p ^ G T for p = 1, . . . , m, 

H ( Zi - ^ ff+m ~ p+5 >vi m ~ p) g ( Zi - z 3 y +m - p+s T. 

l<i<j<n l<i<j<n 

Projecting both sides of ()5.2|) to Yli<i<j<n( z i ~~ Zj) a+m+s T, we obtain 

II (zi - z,y +m+s wt ] 

l<i<j<n 

m 

= -Y,d P , l {z 1 ,... 1 z n -q) J] - z . r +m- P+ S w (m-p) ^ (53) 

p=l l<i<j?'<rx 

where d Pt i(zi, . . . , z n ; q) for p = 1, . . . , m are the projection images in 

Yl {zi - zjfR n i? reg 

l<i<j'<n 

of c Pi i^j, . . . , z n ; q). The equality (|5.2|) is equivalent to 

m 

M m) + J2d P , l (z 1 ,...,z n] q) J] (* - Zj )- p wt~ P) = 0. (5.4) 

p=l l<i<j<n 
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Let 

a p> i(z 1 ,...,z n ;q) = d Pt i(z 1 ,...,Zn,q) \ { (zi — Zj)~ p G R (5.5) 

l<i<j<n 

for p = 1, . . . , m. Then (|5.4|) gives 

1 <8 Wi <8 • • • <8 Wi^iL m (—l)Wi ® (8) • ■ ■ <8 U7 n 

m 

P =i 

•(1 <8 iwi <8 • • • <8 tUi_i (8) L m-p (-l)wi g) <g> • • • ® to„) 

m 

= wl m) + £ op, . . • , z n ; g) W{ m - p) . (5.6) 
P =i 

Since w{ m ^ G F^™|( J) C J for p — 0, . . . , m, the right-hand side of (j5.6j) is 
in J. Thus we obtain 

[1 <8 Wi <8 • • • (8 Wj_iL m (-l)u7j (8 lUj+i (8 • • • <8 w n ] 

m 

+ a p, i(zi, . . . , z n ; g) ■ 
P =i 

•[1 <8 Wx (8 • • • <8 (8 L m ~ p (-l)w < (8 u>;+i (8 • • • <8 %] = 0. 

Now using the fact that d Pt i(z\, . . . ,z n ;q) G R TCg for p = 1, . . . , m, 1)5.5}) . 
we see that the singular point Zj = Zj for 1 < i < j < n of the system 1)3.5}) 
is regular. As in the proof of Theorem 13.91 a Py i(zx, . . . , z n \ q) can be further 
chosen to be also in R p for p — 1, . . . , m. I 



6 Associative algebras and vertex operator 
algebras 

In this section, we introduce a new product in a vertex operator algebra and 
using this new product, we construct an associative algebra. We study this 
associative algebra and its representations. These results are needed in the 
next section. The new product we introduce is very different from the one 
introduced by Zhu in [7] and thus our algebra looks very different from Zhu's 
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algebra. It turns out that our algebra is in fact isomorphic to Zhu's algebra 
and the results for our algebra are parallel to those results in [Z], |FZj and 
[Li] for Zhu's algebra. Thus many of the results in this section can also be 
proved using the isomorphism between these two algebras and the results for 
Zhu's algebra. 

On the other hand, the product introduced in this section is conceptual 
and geometric (see Remark 16.21 below) and many of the formulas are simpler 
than those in jZj. Also in the present paper, we assume that the reader is 
familiar only with some basic notions and results on vertex operator algebras, 
their representations and intertwining operator algebras. Because of these 
reasons, we shall give direct proofs of all results. 

We define a product • in V as follows: For u, v G V, 

.-IT-' 1 



umv = Resyy Y \u, — log(l + y) j v 

2me 2lTix 

= B£S * e 2ni X _ 1 Y ( U > X ) V - 

Let 0(V) be the subspace of V spanned by elements of the form 

/ 1 \ 2irie 27Tix 
Res,,?/ n Y ( u, log(l + y) ) v = Res x , - . — Y(u,x)v 

for n > 1 and u,v G V. Let A(V) = V/0(V). 

Proposition 6.1 The product • in V induces a product (denoted still by •) 
in A(V) such that A(V) together with this product, the equivalence class of 
the vacuum 1 G V is an associative algebra with identity. Moreover, for any 
u, v G V , (L(—l)u) • v G 0(V) and u»v = v»u — 2niu v mod 0(V) . In 
particular, uo + 0{V) is in the center of A(V). 

Proof. Let Ui, 112,113 G V and n G Z + + 1. Using the commutator formula 
for vertex operators, we have 

2irie 27rixi 2irie 2niX2 
Res^Res^ — _ - _ ^ Y(u 1 ,x 1 )Y(u 2 ,x 2 )u 3 

2nie 2nixi 2nie 2wiX2 
= Res Xl Res X2 e27rtxi _ - ^— _ ^ n Y(u 2 ,x 2 )Y(u 1 ,x 1 )u 3 
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„ 2me 2wixi 2nie 2niX2 

+Res Xl Res X2 ReSa; 



! S / j. _o \ y(y( u Xo ) M2; x 2 )m 3 - (6.7) 

\ x 2 J 

Since the left-hand side of (|6.7|) spans V • 0{V) and the right-hand side of 
fSD is in 0(V), we conclude that V" • 6(V) C O(V). 

Now let Mi,m 2 ,M3 G V and n G Z + . Using the Jacobi identity, we have 

27r*e 27ri£C ° 2irie 2niX2 
Res X0 Res X2 ^— _ ^ ^ - ^ (y^^o)^,^)^ 

2nie 27Tix ° 2nie 2viX2 

I^jGS^'-j^ f^j6S<£2 ^^^^3^0 



■x^S ( — — ) Y(u h Xi)Y(u 2 ,x 2 )u 3 



-Res ri Res To Res r , 



x 

2irie 27Tix ° 2me 2iriX2 



Xl X2 x ° (^ e 2mx _ e 2irix 2 _ \ 

■x^5 ( — — — ] Y(u 2 , x 2 )Y(ui, xi)u 3 



x 

2n i e 2Mx 1 -x 2 ) 2-Kie 2mX2 
Res^Res^ReSz,, / 2jrj ( Xl _ a . 2 ) _ ^ n e2niX2 _ l • 

! S / xi — X2 \ Xl )Y(u 2 , x 2 )u 3 
\ x J 

2me- 2ni( - X2 ~ Xl) 2nie 2niX2 
-Res^Res^Res^ ^_ 2ni{x2 _ Xi) _ ^- ^ 2niX2 _ - • 

if. / X2 — xi \ y( u x 2 )Y(ui, xi)u 3 

V ~Xq J 

2 7T i e 27Ti(x 1 -x 2 ) 2me 27TiX2 

X1 X2 ((e 2nixi — X)g-27ria;2 _|_ ^ e -2wix 2 _ ^ix 2 _ J 

■Y(ui,xi)Y(u 2 ,x 2 )u 3 

27lie -2 m {x 2 - Xl ) 2iTie 27TiX2 

Xl X2 ^—2nix 2 ^^2-TTixi ^2nixi l)) n g27i"«^2 \ 

■Y(u 2 ,x 2 )Y(ui,Xi)u 3 
y™)Res xl Res X2 2nie 2ni{xi - X2 \e 2nixi - iyn-k e -2m(-n-k)x 2 . 
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?irip 2niX2 

(e- 2 ™ 2 - l) k e J^_ 1 Y(u 1 ,x 1 )Y(u 2 ,x 2 )u 3 



keN ^ ' 



2me 2niX2 

l7vix2 



s mxi - i) fc = vk (6.8) 



When n > 1, the left-hand side of ()6.8|) spans 0(V) • V and the right-hand 
side of (jniHJ) is in 6{V). So 0(F) • V C O(V). Thus 6{V) is a two-side ideal 
for the product • so that • induces a product, denoted still by •, in A(V). 

When n — 1, the left-hand side of (|fi.8j) is («i««2) • W3 and the right-hand 
side of (16. 8|) is a sum of «i • (u 2 »us) and elements of 0(V). Thus the product 
• in A(V) is associative. 

It is obvious that 1 + 0(V) is the identity of A(V). 

For u, v G V, using the L(— l)-derivative property and the property of 
ReSj;, we have 

2nie 27Tix 

(L(-l)u)*v = Res g ^ _ - Y(L(-l)u,x)v 

„ 2vrie 2 ™ d „. , 

= Res x -^— — r(-u, x)f 

e 2 ™ - Ida: 

d 2irie 2nix 

= —Res,,- — — Y(u,x)v 

x dxe 2mx -l V ; 

(2iri) 2 e 2nix s 

= ReS ^ e 2^_ 1 )2 y (^ X > 

g 6(v). 

In particular, we have L(— l)u = (L(— 1)«) • 1 G 0(V). 

For u, f G V, using this fact and skew-symmetry, we have 

2nie 2nix 

u»v = Res x -r—. Y(u,x)v 

n ■ 2-Kix 

= R-*|^3T^ M >y>, -,)„ 

2nie 2nix 



— 2me~ 2niy 
Res v — — K (w, v)w 
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V • U — 2t[IUqV. 



Since ujq = L(— 1), we have 



u> • u 



u • uj — 2'kiujqu mod 0(V) 
u • uj — 27riL(—l)u mod 0(V) 
u •uj mod 0(V). 



Remark 6.2 The product • has a very clear geometric meaning. We know 
that vertex operators correspond to the sphere C U {00} with the negatively 
oriented puncture 00 and the positively oriented and ordered puncture z and 
and with the standard locally coordinates vanishing at these punctures (see 
|H3j ). The variable in the vertex operators corresponds to the position of 
the first oriented puncture z. We can restrict z to be in some subsets of 
C \ {0} to get vertex operators defined only locally Since Riemann surfaces 
are constructed locally using subsets of C, we have vertex operators locally on 
any Riemann surfaces (see, for example, FBJ). The map y h-> ^7 log(l + y) 
in fact maps an annulus in the sphere C U {00} to a parallelogram in the 
universal covering of the torus corresponding to the parallelogram. So the 
product • can be understood as the constant term of the pull-back of the local 
vertex operator map on the torus by this map to the annulus. Such pull- 
backs of local vertex operators are needed because we want to construct 
(global) correlation functions on one Riemann surface (a torus) from the 
(global) correlation functions on another Riemann surface (the sphere), not 
just want to study local vertex operators on a single Riemann surface or 
sheaves of vertex operators obtained from local vertex operators. 

Proposition 6.3 The associative algebra A(V) is isomorphic to the asso- 
ciative algebra A(V) constructed by Zhu in f^/ . 

Proof. For u,v G V n G Z + , by (|1.5|) . we have 
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By this formula in the cases of n > 2 and the fact that ti(l) is invertible, we 
have 

U(1)(0(V))=0(V). 

Thus U{1) induces a linear isomorphism from A(V) to A(V). 

For u, v G V, using the formula above in the case of n = 1, we have 

U{\){umv) = Resyy-'U^Y L J-]og(l + y)) v 

= Res^- 1 ^ ((1 + # (0) W(1K y) W(l)« 
= (W(l)u)*(W(l)«), 

which shows that the linear isomorphism induced by U{1) is in fact an iso- 
morphism of algebras. I 

We need the notion of N-gradable weak ^/-module (which was called V- 
module in [Z]). A weak V -module is a vector space W equipped with a vertex 
operator map 

Y:V®W -> W^x" 1 ]], 

satisfying all the axioms for ^-modules except for those involving the grad- 
ing. An N-gradable weak V -module is a weak ^-module such that there 
exists an N-grading W = U„ gN W( n ) satisfying the condition that u n w G 
W(wt K-n-i+wt w) f° r homogeneous w G V, w G and n G Z. 
Let FT be an N-gradable weak V-module and 

T(W) = {w eW \ u n w = 0, u G V, wt u — n — 1 < 0}. 

Let P T (w) '■ W — > T(W) be the projection from to T(W). For any u G V, 
we define : T(W) -> T(W) by 

Pvf(m)w = Pt(w-)(o(W(1)w)w) 

= 'Rjes x x~ 1 Pr(w)(Y(U(x)u, x)w) 

for iu G T(W). 

In remaining part of this section, we assume for simplicity that V( n ) = 
for n < 0. 
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Proposition 6.4 For any N-gradable weak V -module W , pw{ u ) — for 
u G 0(V) and the map given by u + 0(V) i— > Pw( u ) f or u & V gives T(W) 
an A(V)-module structure. The functor T from the category of N-gradable 
weak V -modules to the category of A(V) -modules given by W i— > T(W) has 
a right inverse, that is, there exists a functor S from the category of A(V)- 
modules to the category of N-gradable weak V -modules such that TS = I, 
where I is the identity functor on the category of A(V) -modules. In partic- 
ular, for any A(V)-module M, T(S(M)) = M . Moreover we can find such 
an S such that for any N-gradable weak V -module W , there exists a natu- 
ral surjective homomorphism of V -modules from S(T(W)) to the N-gradable 
weak V-submodule ofW generated byT(W). 

Proof. For n G Z+, u,v G V and w G T(W), using the definitions, (jl.5J) . 
the L(0)-conjugation formula, the Jacobi identity and the assumption that 
the weight of a nonzero element of V is nonnegative, we have 

2nie 27Tix ° , , \ 
Res-En / n ■ ^Y[u,x )v w 



1 „ 2me 2nix ° 



—P T{yv) (Y(U (x 2 )Y(u, x )v, x 2 )w) 



Res^Res^ ^ 2nixo _ ^ 

2nie 27rix ° 
Res X2 Res XOx ^ e2n . xo _^ n ■ 

■P T{w) {Y{xi {0) Y{U{e 2mxo )u,e 2mxo - l)U{l)v,x 2 )w) 
2-rrie 2 ™ 

Res,,. „ Res 



X2 X0 x 2 (e 2 ™ x ° - l) n 
■P nw) (Y(Y(x^ 0) U(e 2mxo )u,x 2 {e 2mxo - l))x L 2 {0) U{l)v,x 2 )w) 

Res^Res^— ^-P T(l y) {Y(Y(JA (x 2 + y )u, y )U (x 2 )v, x 2 )w) 

x 2Uo 

Res^Res^ReSa,, y^d ( — ] • 

■Pt(w)(Y(U(x 2 + y )u,x 1 )Y(l((x 2 )v,x 2 )w) 
— Res^Res^Res,., Vn l o~ (— I • 

■Pt(w)(Y(U(x 2 )v,x 2 )Y(U(x 2 + y )u,xi)w) 
Res^Res^ — - — szPt(w) {Y{U {x x )u, x x )Y(U (x 2 )v, x 2 )w) 

X 2 \Xi — x 2 ) 
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-Res X2 Res Xl — ■ r-P T (w) (Y(U (x 2 )v, x 2 )Y(U {x x )u, x x )w) 



X 2 {~X 2 + Xi) n 

— ■; — — — ^Pt(w) (Y(U (xi)u, xi)Y(U (x 2 )v, x 2 )w). 

X 2 [X\ X 2 ) 

(6.9) 



When n > 2, the left-hand side of ()6.9|) spans p(0(V)) and the right-side 
of ()6.9j) is equal to 0. When n — 1, the left-hand and right-hand sides of ()6.9j) 
are equal to p{u • v)w and p(u)p(v)w, respectively. Thus the first conclusion 
is proved. 

To prove the second conclusion, we need to construct an N-gradable weak 
^-module from an A(V)-modvle. Consider the affinization 

v[t, r 1 ] = v ® c[t, r 1 ] cv® c((t)) c v ® c[[t, r 1 ]] c v[[t, r 1 ]] 

of and the tensor algebra T(V[t, t -1 ]) generated by V[t, t -1 ]. For simplicity, 
we shall denote u ® t m for u E V and m G Z by u(m) and we shall omit 
the tensor product sign ® when we write an element of T(V[t, t^ 1 ]). Thus 
T(V[t, t^ 1 ]) is spanned by elements of the form u 1 (m 1 ) • ■ ■ Uk(rrik) for Ui E V 
and mj G Z, z = 1, . . . , k. 

Let M be an y4(V)-module and let p : A(V) — > End M be the map 
giving the representation of A(V) on M. Consider T{V\t,t~ 1 ]) <8> M. Again 
for simplicity we shall omit the tensor product sign. So T(V[t, t^ 1 ]) <g> M is 
spanned by elements of the form Mi(rai) • • ■Uk{mk)w for itj 6 K, m; G Z, 
z = 1, . . . , k, and w G M and for any w G V, m G Z, w(m) acts from the left 
on T(l / [t,t" 1 ]) £g> M. For homogeneous «j G V, vtii G Z, % — 1, . . . , /c, and 
u> G M, we define the degree of Wi(toi) ■ • • Uk(rrik)w to be (wt u% — mi — 1) + 
• ■ • + (wt w fc — m k — 1). For any u G V, let 

r t (n, x) : r(v[t, r 1 ]) ® m -> (T(v[t, r 1 ]) ® m) [[x, x- 1 ]] 

be defined by 



it(w, x) = u{m)x~ 



-m—l 

For a homogeneous element hG^, let o t (u) = u(wt it — 1). Using linearity, 
we extend o t {u) to nonhomogeneous w. 

Let X be the Z-graded T(V[*, r^-submodule of T(V[t, r 1 ]) <g> M gen- 
erated by elements of the forms u(m)w (u E V, wt w — m — 1 < 0, w G M), 
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o t (U(l)u)w — p(u + 0(V))w (u G V, w G M) and the coefficients in x 1 and 
x 2 of 



Y t (u, x^Y^v, x 2 )w - Y t (v, x 2 )Y t (u, x x )w 

-Res^a^M ( — — — ) Y t (Y(u,x )v,x 2 )w 
\ x 2 J 

(u,v e V and w G T(V[t,t' 1 }) ® M). (Note that the coefficients of the 
formal expression above are indeed in T(l / [t,t~ 1 ]) (g> M.) Let S\(M) = 
(T(I/[M -1 ]) <g> M)/J. Then Si{M) is also a Z-graded T(V[t, t~ ^-module. 
In fact, by definition of X, we see that Si(M) is spanned by elements of 
the form ■u 1 (m 1 ) • • -u k (m k )w + X for homogeneous U; t E V, rrii < wt — 1, 
i = 1, . . . , k and w G M. In particular, we see that Si(M) has an N-grading. 
Thus for u G V and w G S 1 (M), u(m)w = when m is sufficiently large. 

Let J be the N-graded T(V[t, * -1 ])-submodule of Si(M) generated by 
the coefficients in x of 

Y t (L(-l)u, x)w - -^ Y t(u, x)w 
and the coefficients in x and x 2 of 

(*£l — i 
— - — J F t (u,xi)y t (v,x2)w 

+^ ~ 1 5 Y t (v,x 2 )Y t (u,x 1 )w 

(which are indeed in Si(M)) for u^eV^G S'i(M). 

Let S(M) = S 1 (M)/J. Then 5(M) is also an N-graded T(V[t, r 1 ])- 
module. We can still use elements of T(V[t, t -1 ]) ® M to represent elements 
of S'(M). But note that these elements now satisfy relations. We equip 
S(M) with the vertex operator map Y : V ® S(M) ->■ S(M) [[x, x' 1 ]] given 
by u <g> w i— > F(w, = Yt(-u, aj)w. As in S\(M), for u EV and u> G S{M), 
we also have u(m)w = when m > wt u - 1. Clearly y(l,x) = is(M) 
(where /^(m) is the identity operator on S(M)). By definition, we know that 
the commutator formula, the associator formula and the L(— l)-derivative 
property all hold. Thus S(M) is an N-gradable weak V-module such that 
T(S(M)) = M. 

Let W be an N-gradable weak l^-module. We define a linear map from 
S(T(W)) to W^by mapping Mi(mx) • • • u k (m k )w of S(M) to (iii) mi • • • {u k ) mk w 
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of W for Ui G V, uii G Z (i = 1, . . . , k) and w G T(W). Note that the re- 
lations among w 1 (m 1 ) • • -Ukim^w for G V, m, : G Z (z = 1, . . . , k) and 
w G T(W) are given by just the action of V on T(W), the commutator for- 
mula, the associator formula and the L(— l)-derivative property for vertex 
operators. These relations also hold in W. Thus this map is well-defined. 
Clearly, this is a surjective homomorphism of ^-modules from S(T(W)) to 
the N-gradable weak l^-submodule of W generated by T{W). I 

Proposition 6.5 Assume that every N-gradable weakV -module is completely 
reducible. Then T and S are equivalences of categories. In particular, A(V) 
is semi-simple and M is an irreducible A(V) -module if and only if S(M) is 
an irreducible V -module. 

Proof. We need only prove that for any N-gradable weak ^-module W, 
S(T(W)) is naturally isomorphic to W. Since every N-gradable weak V- 
module is completely reducible, we need only to consider the case that W is 
irreducible. 

Let W be an irreducible N-gradable weak V-module. Then by assump- 
tion, S(T(W)) is completely reducible. If S(T(W)) is not irreducible, then 
there exist nonzero ^-modules W\ and W2 such that S(T(W)) = W\ © Wi- 
In particular, we have T(W) = T(S(T(W))) = T(Wi) ®T{W 2 ). Here T(W X ) 
and T(W 2 ) are both nonzero because both W\ and W2 are nonzero, we have 
a F-submodule W\ of W generated by T(Wi). This V^-submodule W\ is obvi- 
ously nonzero because T(Wi) is nonzero. It is also not W since T(W 2 ) is not 
in W\. Thus W is not irreducible. Contradiction. So S(T(W)) is irreducible. 
Since W is irreducible, the natural homomorphism in Proposition 16.41 from 
S(T(W)) to W is surjective. This homomorphism must also be injective be- 
cause S(T(W)) is irreducible. Thus S(T(W)) is naturally isomorphic to W. 



Corollary 6.6 If every N-gradable weak V -module is completely reducible, 
then there are only finitely many inequivalent irreducible V -modules. 

Proof. By Proposition EH3 A(V) is semisimple. Thus there are only finitely 
many inequivalent irreducible A(V)-modules. By Proposition lfi.5l again. these 
finitely many irreducible A(V)-modules are mapped under S to a complete 
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set of inequivalent ^-modules. Thus there are only finitely many inequivalent 
irreducible ^-modules. I 

Given an N-gradable weak ^/-module W, we can also construct an A(V)- 
bimodule: For u G V and w G W, we define 



u • w 



Res y y l Y (u, ^- log(l + y)j w 



2nie 2nix 
ReSa;^— Y(u, x)w, 



wu = ReSyy^e^^+^-^Y U,--Ll g(l +y) ] w 

\ 2m J 

= Res x ^ e xL ^Y(u, -x)w. 

Let 0(W) be the subspace of V spanned by elements of the form 

/ 1 \ 2irie 27rix 

Res y y n Y \u, — log(l + y) J w = Kes x _ Y(u, x)w 

for n G Z + + 1 and u G V and weW. Let A(W) = W/6(W). 

Proposition 6.7 The left and right actions of V on W induce an A(V)- 
bimodule structure on A{W). 

Proof. The proof is the same as the proof that A(V) is an associative algebra 
above. ■ 

We now assume that every N-gradable weak V- modules is completely 
reducible. It is easy to show that an irreducible N-gradable weak l^-module 
must be a V^-module (see jZ]). Thus we can reduce the study of N-gradable 
weak K-modules to the study of ^-modules. 

Let Wi, W 2 and W 3 be V-modules and y an intertwining operator of type 
(^J. Then A(W 1 ) ® A{y) T(W 2 ) and T(W 3 ) are both left I (VO -modules. 
For homogeneous W\ G Wi, let 

Oy(w 1 ) = y wt «,!_]. (Ml), 

where for n G C and ui\ G W\, 34 (^l) £ Hom(W / 2 , W 3 ) is given by 



y(w 1 ,x) = Y t yn{w 1 ) 

neC 
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We define oy{w\) for general w\ G W\ by linearity. 
Lemma 6.8 For w x G O(Wi), oy(W(l)wi) = 0. 

Proof. The proof is the same as the one for the first conclusion in Proposition 
El ■ 

Let 

p(y) ■■ A{Wx) ® A(y) T(W 2 ) - W 3 

be defined by 

p(y)((wi + d(W 1 ))®w 2 ) = o y {U{l)w 1 )w 2 

= Res x x y(U(x)wi,x)w 2 

for wi G Wi,w 2 G T(W 2 ). By Lemma EE1 piy) is indeed well defined. We 
have: 

Proposition 6.9 The image of piy) is in fact in T(W 3 ) and p{y) is in fact 
in 

Rom A(v) (A(W 1 ) ® i(y) T(W 2 ),T{W 3 )). 

The map 

p:V% W2 - Rom A{v) (A(W 1 )® A{v) T(W 2 ),T(W 3 )) 

y -> 

is a linear isomorphism. 

Proof. For any w\ G Wi, since the weight of oy(U{l)w\) is 0, it is clear that 
the image of piy) is in fact in T{W 3 ). Thus p is a linear map from V^ w 
to Horn| (y) (ii(Wi) <g> A(y) r(W 2 ), T(W 3 )). We still need to show that it is in 
fact an isomorphism. 

To show that p is injective, we need the following obvious fact: For any 
u>i G Wi, w 2 G W 2 and w' 3 , using the Jacobi identity and (jl.5jl . we can 
always write (1D3, ^(iDi, x)^) as a linear combination of series of the form 
(w' 3 ,y(wi,x)w 2 ) for wi G Wi, i«2 G T(W / 2) and W7g G T{W 3 ) with Laurent 
polynomials of x as coefficients. If p(!V) = 0, (w' 3 ,y(wi,x)w 2 ) = for w\ G 
Wi, w 2 G T(W a ) and 1^ G T(W 3 ). Thus the fact above shows that y = 0. 
So p is injective. 
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We now prove that p is surjective. Given any element / of 
Rom A(v) (A(W 1 ) ® A(V) T(W 2 ),T(W 3 )), 

we want to construct an element y f of V^ W2 such that p{y f ) = f. We 
assume that W±, W 2) W 3 and thus W 3 are all irreducible ^-modules. The 
general case follows from this case by using the assumption that every N- 
gradable weak ^-module is completely reducible. Since W±, W 2 and W 3 are 
irreducible ^-modules, there exists h 1: h 2 ,h 3 G C such that the weights of 
nonzero homogeneous elements of W 1: W 2 and W 3 are in hi + N, h 2 + N 
and h 3 + N, respectively, and (Wi)^), (W 3 )(h 3 ) and {W\)(h 3 ) are not 0. Let 
h = h 3 — hi — h 2 . Then we know that for any intertwining operator y of 
type (vSJ, y(w 1 ,x)w 2 G x h W 3 [[x,x' 1 }}. 

We consider the affinization V^t -1 ] and also 

t-'WitM -1 ] = w l ®r h c[t,r 1 }. 

For simplicity, we shall use u(m) and W\{n) to denote u®t m and w 1 ©t n , re- 
spectively, for u G V, w± G Wi, m G Z and n <E h + Z. We consider the tensor 
algebra T(\/[t,t" 1 ] © t~ h Wi[*, r 1 ]) generated by V[*,* -1 ] and t _/l Wi[t, r 1 ]. 
The tensor algebra T (V[t, t' 1 ]) is a subalgebra of T (V[f , t' 1 ] ©* -ft Wi[f , t' 1 ]) 
and t^ 1 ] is a subspace. Let T v . Wl be the T(V[£, £ _1 ])-sub-bimodule 

of T(\/[t,r 1 ] © r^Wi^r 1 ]) generated by *- ft Wi[M -1 ]- For simplicity we 
shall omit the tensor product sign for elements. 

Consider 7y ; Wi © T(W 2 ). For simplicity again we shall omit the tensor 
product sign for elements. So Ty-yv x © T(W 2 ) is spanned by elements of the 
form 

«i(mi) • • ■u k (m k )w 1 (n)u k+1 (m k+1 ) ■ ■ ■ u k+l {m k+l )w 2 

for u,i G V, rrii G Z, 2 = 1, . . . , k + /, W\ G W 7 ! and u>2 G T(VF 2 )- For any 
u G V, m G Z, -u(m) acts from the left on 7V ; Wi © T(W 2 ). For homogeneous 
«i G V, rrii G Z, i = 1, . . . , k + l : and homogeneous W\ G W\ and w 2 £ T(W 2 ) ) 
we define the weight of 

«i(mi) • • •Mfc(m A .)w 1 (n)M fe+1 (m fc+1 ) • ■ ■ u k+l {m k+l )w 2 

to be 

(wt Ui — mi — 1) + • • • + (wt M fc — m fc+i — 1) + (wt Wi — n — 1) + wt w 2 . 
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For any u G V and Wi EW 1 , let 

Y t (u,x):T v . Wl ®T(W 2 ) - (T y . m <g> T(W 2 ))[[a;, aT 1 ]], 

:T v . Wl ®T(W 2 ) - ^(Tv.^OT^))^^- 1 ]] 

be denned by 

Y t (u,x) = ^u(m)ar m- \ 
Y t (w 1: x) = wi(n)x -n_1 , 

respectively. For homogeneous elements u <E V and u>i G W 7 !, let o t (u) = 
u(wt u — 1) and o t (u>i) = u>i(wt Wi — 1). Using linearity, we extend o t (u) 
and Ot(iui) to nonhomogeneous u and 

Let Xv-Wi,w 2 be the /ii + h 2 + Z-graded T(V[t, t _1 ])-submodule of Ty-Wi^ 
T(W 2 ) generated by elements of the forms u(m)w 2 (u G V, m G Z, wt u—m— 
1 < 0, 1^2 G T(W^)), Wi{n)w 2 (wi G W 7 !, n G Z— /i, wt u>i — n— 1+wt u>2 < ^3, 
w 2 G T(W 2 )), o t (W(l)u)«;2 - p{u + 6{V))w 2 (u EV,w 2 E T(W 2 )), and the 
coefficients in x\ and x 2 of 

F t (u, Xi)Y t (v, x 2 )w - Y t (v, x 2 )Y t (u, x ± )w 

-Res^x^S i ^ 1 x X ° ^j Y t (Y(u,x )v,x 2 )w, 

Y t (u, x 1 )y t (w 1 ,x 2 )w 2 - y t (w 1 ,x 2 )Y t (u, xi)w 

-Res^x^S ( — —J y t (Y (u, x )w 1 , x 2 )w 2 

\ x 2 J 

(u,v G V, w 1 G W 1 and w 2 G T V;Wl <g> T(W 2 )). Let 

S 1 (V ] W ± , W 2 ) = (T v , Wl ® T(W 2 ))/l V]WuW2 . 

Then S^V; W u W 2 ) is also an h l + h 2 + Z-graded T(V[t, t _1 ])-module. In 
fact, by definition of T v . WljW2 , Si(V; W 1: W 2 ) is spanned by elements of the 
form 

ui (mi) • • •u k (m k )w 1 (n)w 2 +I v . WuW2 

for homogeneous U{ G V, rrii < wt Uj — 1, i = 1, . . . , k, homogeneous W\ G W\, 
n < wt W\ — 1 + wt w 2 — hz and w 2 G T(W / 2). In particular, we see that 
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S 1 (V;W 1 ,W 2 ) has an N-grading. Thus for u G V, w 1 G W 1 and w 2 G 
Si(V; Wi, W 2 ), u(m)w 2 = and Wi(n)w 2 = when m and n are sufficiently 
large. 

Let JviWuWi be the /ii+/i 2 +Z-graded T (V[i, i _1 ])-submodule of Si(V; W u W 2 ) 
generated by the coefficients in x of 

Y t (L(-l)u, x)w 2 - -^Y t (u,x)w 2 , 

y t (L(-i)wi,x)w 2 - -^y t (w 1 ,x)w 2 

and the coefficients in xo and x 2 of 

Y t (Y(u, x )v, x 2 )w 2 - Res^x^S (^—^- Y t (u,x 1 )Y t (v,x 2 )w 2 

+x ~ 1 S ( ^ 2 _ x Xl ^j Y t (v,x 2 )Y t (u,x 1 )w2, 

F t (u,xi)^(w;i,X2)it;2 

X(wi,x 2 )1^(m,Xi)«;2, 

-x / 

for w, d G V, wi G Wi and w 2 G Si(V; Wi, W 2 ). 

Let W u W 2 ) = S^V; W 1: W 2 )/J V;WliW2 . Then S(V; W u W 2 ) is also 
a T(V[i, i _1 ])-module with an N-grading. We can still use elements of Ty-w x ® 
T(W 2 ) to represent elements of S(M). But note that these elements now 
satisfy relations. Now we have operators Y t (u, x) and y t (wi,x) for u G V and 
Wi G W\ acting on S(V;W 1 ,W 2 ). By construction, these operators satisfy 
the lower truncation property, the identity property (for Y t ), the commutator 
formula (for Y t and for Y t and y t ), the associator formula (for Y t and y t ) and 
the L(— l)-derivative property (for Y t and y t ). 

We also have a linear map // : S(V;Wi,W 2 ) — >■ W 3 defined as follows: 
For ttj G V, mj < wt Ui — 1, i = 1, . . . , k, W\ G W±, n < wt Wi — 1 and 
■U7 2 G T(W / 2 ), we define 

/i(MiK) • • ■ u k {m k )w 1 (n)w 2 ) = (ui) mi • • • (ufc) mfc /((«'i + O(Wi)) <g> w 2 ). 

Since all the relations in S^V; W 7 !, W^) for representatives of the form 

MiK) • • • u k (m k )w 1 (n)w 2 
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above are also satisfied by their images in W 3 , fi is well defined. 

Now we construct an intertwining operator yf of type { w ^) as follows: 
By Proposition 16.51 W 2 is isomorphic to S(T(W 2 )). So we can work with 
S{T(W 2 )) instead of W 2 . We know that S{T(W 2 )) is spanned by elements 
of the form iii(mi) • ■ ■u k (m k )w 2 for Ui G V, rrii < wt Ui — 1 for i = 1, . . . , k 
and w 2 G T(W 2 ). Let w x G W 1 . We define 

y f (w lt i)ui(mi) ■ ■ ■ u k (m k )w 2 = n{y t {wi, ar)«i(mi) ■ • • u k (m k )w 2 ). 

Since y t satisfies the commutator formula, the associator formula and the 
L(— l)-derivative property, so does yf. Thus y? satisfies the Jacobi identity 
and the L(— l)-derivative property. So it is an intertwining operator of the 
desired type. It is clear from the construction that p(yf) = f ■ ■ 

Lemma 6.10 Let A be a semisimple associative algebra over C, u an el- 
ement in the center of A, M an A-bimodule and F : M — > C a linear 
functional on M satisfying the following property: 

1. For u G A and w G M, F(uw) = F(wu) . 

2. There exist h G C and s G Z + such that for w G M, F((u — h) s w) = 0. 
Then there exist irreducible left A-modules Mi and left module maps 

fi : M ® a Mi -> Mi 

W<& A Wi fi(w)Wi 

for i = 1, . . . , m such that 

m 

F{w) = Y j ^mJ 1 {w) 
1=1 

for w G M. 

Proof. This is a result in the classical theory of semisimple associative alge- 
bras. We just give the idea of the proof. It is easy for the reader to fill in all 
the details using the theory presented in, for example, jjj or |FD| . One can 
also find a proof in |Mlj . 

Since A is semisimple, it must be a direct sum of simple ideals. Because 
of this fact, we can reduce our lemma to the case that A is simple. But when 
A is simple, we know that A is isomorphic to a matrix algebra. The lemma 
now can be verified directly for simple matrix algebras. ■ 
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7 Modular invar iance 



In this section, we prove the modular invariance of the space of chiral genus- 
one correlation functions using the results we have obtained in the preceding 
sections. 

We first discuss the modular invariance of the system (|3.5j) - (|3.fij) . We 
need the following modular transformation formulas (see, for example, jK|): 
For any 

a (3 
7 5 



e SL(2,Z) 



we have 



' ■ ( = (ir + 5) 2 G 2 (r)-2m 1 ( 1 T + 6), (7.1) 

7T + b J 

G2k[^ ± 4) = (ir + 5) 2k G 2k (r), (7.2) 



7T + 5 

P m (^—^^-§) = (JT + Srp m (z,r), (7.3) 

\7T + 7T + J 

for k > 2 and m > 1. 
We have: 

Proposition 7.1 Lei </?(2i, . . . , z n ;r) be a solution of the system VJ. 5)) -< f3T7jj) 

with q = q T . Then for any 

a (3 
7 



1 \ / zi z n ar + fj 



'JT + S J \CT + d CT + d 7T + S 

is also a solution of the system \3. <5j) -i TOj) with q = q T . 

Proof. The proof is a straightforward calculation using (j7.1|) - ()7.3|) . I 

From this result, we know that the space of solutions of the system (I3.5jl - 
(|3.fjjl with q = q T is invariant under the action of the modular group SL(2, Z). 
But this is not enough for the modular invariance we would like to prove 
because we want to prove that the space of those solutions obtained from 
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the g T -traces of products of geometrically modified intertwining operators 
are invariant under this action of SL(2, Z). 
We need the following: 

Theorem 7.2 Let V be a vertex operator algebra satisfying the following 
conditions: 

1. For n<0, V (n) = and V (0) = CI. 

2. Every N-gradable weak V -module is completely reducible. 

3. V is Ci-cofinite. 

Then all the conclusions of the results in Sections 1-6 hold. 

Proof. By Corollarv l6.61 there are only finitely many inequivalent irreducible 
V-modules. By a result of Anderson-Moore |AM| and Dong-Li-Mason |DLMj . 
every irreducible ^-module is in fact Q-graded. Also in this case, it is clear 
that every finitely-generated lower-truncated generalized V^-module is a V- 
module. In |H9j . the author proved that for such a vertex operator algebra, 
the direct sum of a complete set of inequivalent irreducible ^-modules has a 
natural structure of intertwining operator algebra. By a result of Abe, Buhl 
and Dong |ABD| . we also know that for such a vertex operator algebra V, 
every ^-module is CVcofinite. Thus the conditions for V needed in Sections 
1-6 are all satisfied. ■ 

Let V be a vertex operator algebra satisfying the conditions in Theorem 
17.21 Let Wi be V'-modules and Wi G Wi for i = l,...,n. For any V- 

modules Wi and any intertwining operators ^i, i = 1, • • • , n, of types CZ x ^l), 
respectively, we have a genus-one correlation function 

F yi,-,yn( w u ...,w n ;zi,..., z n ; r). 

Note that these multivalued functions actually have preferred branches in the 
region 1 > \q Zl \ > • ■ • > \q Zn \ > \q T \ > given by the intertwining operators 
yi, ■ ■ ■ ,yn- Thus linear combinations of these functions make sense. For 
fixed ^-modules Wi and Wi G Wi for i = 1, . . . , n, we now denote the vector 
space spanned by all such functions by 3- Wu ,„ >Wn - The following theorem is 
the main result of this section: 
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Theorem 7.3 Let V be a vertex operator algebra satisfying the conditions 
in Theorem ]? '. Then for any V -modules Wi and any intertwining operators 
y,- L (i = 1, . . . ,n) of types , respectively, and any 

(* £)eSL(2,Z), 



I n HQ) / l \ Ho) 



Z\ z n ar + (3 



7r + 5 -yr + 6 7T + 5 



%S %T\i U~ (ii^j 



Proof. By Theorem 17.21 all the results in Sections 1-6 can be used. 

The case of n = 1, as we have mentioned in the introduction, was proved 
by Miyamoto in |Mlj using the method of Zhu in [Zj. Since the differential 
equations we obtained in this paper are explicitly modular invariant, we have 
a simpler proof than the one given in |Mlj . Here we give this proof. In this 
case, the identity (|3.4jl becomes 

d d \ 

2m Q^ + G 2(T)wt W 1 + G 2 {t)z 1 — J Fy^Wi, z x \ q T ) 

= Ftt(L(-2)w i; 2 i; g T ) - G 2k+2 (r)Fy 1 (L(2k)w 1 ;z 1 ;q T ). (7.4) 

But in this case, 

9 „ , 
— F yi [w^z^qr) 

= T %i ^i((2ttzL(0) + 2mq zl L{-l))U{q Zl )w u q Zl )q m '^ 
= 2 m Ti Wi [L(0),y l (U(q Zl )w l ,q Zl )]q L ^^ 
= 0. 

In other words, Fy 1 (wx] z\\ q T ) is in fact independent of Z\. So from 1)7. 4J) . we 
obtain 

d \ 
2m ]fr + G 2(r)wt wi I F yi (wi\ Zx\ q T ) 
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= F yi L(-2) Wl - G 2k+2 (r)L{2k)w 1 ; z x - q T . (7.5) 

y k&+ J 

We use t' to denote and z[ = Then (1731) also holds with 

r replaced by r' and zi replaced by z[. Using the modular transformation 
property (j7.1|) and ()7.2|) for G 2 k(r) for G Z + and the fact that Fy 1 (w\\ z\\ q T ) 
is independent of Z\, we see that by a straightforward calculation, (|7.5|) with 
r, z\ and w\ replaced by r', z[ and (jt + 5)~ l ^Wi, respectively, is equivalent 
to 

2ttz|- + G 2 (r)wt Wl ) F yi ((jr + S)- L ^ Wl] z[; q r ,) 



dr 

= Fy 1 (( 1 r + 5)- L ^L(-2)w 1 ;z' 1 ;q T/ ) 

~ G 2k+2 (T)Fy 1 (( 1 T + 5y L ^L(2k)w l] z[;q T ,) 

fcez+ 

or equivalent ly 

2m^Fy 1 (( 1 r + 5)- L ^w 1 ;z' 1 ;q Tl ) 

= Fy 1 (( 1 T + 5)- L ^L(-2)w 1 ;z[;q T/ ) 

- G2 fe+ 2(r)%(( 7 r + 5)- L ^L(2k) Wl ; z[; q T ,) (7.6) 

k&i 

The n—\ cases of the identities ()2.2|) and ()2.22|) give 

FyAiir + Sy^uowf, z[; q T> ) = (7.7) 

and 



F y M 1T + 5)-m u _ 2Wl 

+ ( 2k + l)G , 2fc+ 2(r)( 7 r + 5)- l(0) m 2 ^i; 4; 
= 0, (7.8) 
respectively, where in ()7.8j) . we have used (|7.2|) . 
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Using (|2.9|) . we have 

L\-2 wi - 



km 

Res x (pi(x;r) - G 2 (t)x)Y(u, x)wi (7.9) 



and 



= Res x p2(a ; ; x)u>i. (7-10) 

Using (|2.1(Jj) and (jl.5|) . we see that the constant terms of the expansions of 
()7.9|) and ()7.10|) as power series in q T are 

e 2mx _|_ ^ 

Res x ni-^——jY (omega, x)w 1 
2Tcie 2nix 

= Res x ni-^— — -Y(u,x)wi — niRes x Y (u, x)wi 

= us • wi — TiiuoWi (7-11) 



and 



Resxp2{x; r)Y(u, x)w\ 

tt 2 (2ni) 2 e 2mx 



7r 2 2irie 2nix 
-—u w 1 + 2niRes x j^——^Y(u, x)w^ 



(7.12) 



respectively. 

By Proposition 17. 11 we know that Fy 1 ((jt + 5)~ l( - ^Wi; z[] q T i) satisfies the 
same equation of regular singular points as the one for Fy l (wi, z\ \ q T ). Thus 
we have 



K N 

ri+m 



k=0 1=1 mGN 
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where Ti for I = 1, . . . ,N are real numbers such that — rj a ^ Z when 
h^k- From (I71fl)- (I7~T21) . we obtain 

C K ,i,o(u» wi) = C k> i j0 {wi»u), (7-13) 
Ckm(6(Wx)) = 0, (7.14) 

CW A o((w-^-n)««;i) = 0. (7.15) 

Thus we see that Cj^o gives a linear functional on the .A(V)-module A(Wi) 
satisfying the conditions in Lemma [6.1U1 By Lemma [6.1 Ul we can find irre- 
ducible left A (V) -modules M; and left /l(^)-module maps 

fi : A(Wt) ® A(y) Mi -> Mi 

such that for i — 1, . . . , m such that 



C K ,ifl{wi) = y^Tr Mji{wi) 



i=l 



for u>i e H^i- By Propositions 16.41 16.51 and 16.91 there exist irreducible 



^-modules Wj^ and intertwining operators yj^ of types (^J^i)) for i = 

1, . . . , p such that Mi = T(Wi ) and 3^ correspond to /j for i — 1, . . . , p. 
It is clear that 

N P 

E E ^^( w i)?? +m - E Zi; qr) 

1=1 meN i=l 

must be of the form 



E E c£U^" +m 

1=1 meN 

where for / = 1, . . . , there must be k satisfying 1 < k < N such that 
r P — r k is a positive integer. In addition, this series also satisfies (I7.6|) - (j7.8j) 
and thus C^\ (-) also satisfy ()7.13|) - (j7.15J) . Repeating the argument above 
again and again, say s times and noticing that there are only finitely many 
inequivalent irreducible ^-modules, finally we can find V^-mo dules Wf and 

(s) ( \ j N 

intertwining operators 3^ of type ( 3 (s) J for j = 1, . . . ,pW SU ch that 
E E c K,iA^iK l+m - E F y^ ] (^U Zl ' ?r) 

Z=l meN j=i J 
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is of the form 

E E <%Uo<& 

1=1 mGN 

where for I = 1, . . . ,N^ S \ r| are larger than the lowest weights of all ir- 
reducible V^-modules. But this happens only when this series is 0. So we 
obtain 

N pW 

E E c^mK)^ 7 " = E * i; qr) - 

1=1 mGN j=l J 

We still need to show that K = 0. Assume K ^ 0. Then K-1>0. Let 

AT 

J=l ragN 



for fc = 1, . . . , iT. Then 



A 



^ ((7r + 5)~ i(( V; *J; g T = E 5 *K 



k=l 



Using lfTB)l - (|7^ . we obtain 

Sk-i(uoWi, t) = 0, (7.16) 

Sk-i + E ( 2fc + 1 ) G 2fc+2(r)M 2 fc^i; r J = 0, (7.17) 

(2-Ki) 2 KS K {wi; t) + 2iri— S K -x{w\\ r) 

ar 

= 5 X -i f^(-2) - E G 2 fc+2 (r)L(2A;)j Wl ;rj , (7.18) 

2m A-S K (w 1 - r) = S K ( (l(-2) - E G 2k+2 {r)L{2k) \ w t - r j . (7.19) 

From (I7TTH1) and (I7~TTH) . we obtain 

4vriS' A '_i(wi; r) + (2ni) 2 — Sk^Wi, t) 

= Sk-i y (l(-2) - E G 2k+2 {r)L(2k) j w i; r j . (7.20) 

65 



From flZIEID , flZZZD and flZHID , we obtain 

C K -i,i,o(u • wt) = C K ,i,o{wi*u), 

Ck_i l{ ,o(d(Wi)) = 0, 

CW-uo f - ^ - • wij = 0. 

The same argument as we have used above shows that 

v 

S K -\{w\\t) = ^ Fy,(wi, Zi, q T ) 
i=i 



for j = l,...,p. Since F y .{w\\ Z\\ q T ), j = l,...,p, satisfy (|7.6|) . we must 
have 



for some irreducible modules Wj and intertwining operators of type 

y 3 



u>i;t 



2m^-S K -i(w 1 ;T) = S K -i ( ( L(-2) - ^G 2Jfc+2 (r)L(2fc) J 

which together with ()7.18|) gives 

(2tti) 2 KS k {w 1 ;t) = 0, 

a contradiction. 

Now we prove the case for any n > 1. This is the case where the method 
of Zhu jZ] , further developed by Dong-Li-Mason [DLM] and Miyamoto |Mlj , 
cannot be used since there is no recurrence formula. We use induction. When 
n = 1, the theorem is just proved. Assume that when n = k, the theorem is 
proved. We now prove the case n = k + 1 using the genus-one associativity 
(Theorem !4.Hjl . By Theorem 14. 3\ we have 

F yi,.,y n +i( w i, ■ ■ ■ > w n+u z 1 ,..., z n+1 ; r) 

= X^yiv-^n-l^n + l^ 1 ' • • •''""-l.^tiK^ - Z n+1 )W n+1 ); 

rGR 

Z\i ■ ■ ■ i Z n —i, Z n j r \ ) T ). (7.21) 
Using the induction assumption, we know that for any r G R, 
F yi ,.,y n -,XJ(^ + 5)-^w u . . . , ( 7 r + 

( 7 r + (Tr L(0) P r (j)(w n , z n - 2; n+ i)w n+ i); 4, • • • , T ') 



66 



is in 

T 

wi,...,w„-i,P r (y n (w n ,z„-z„ + i)w n+ -i)' 

Thus by Theorem 14.31 again. 

E^,.^-^^ + <r i(t v, -Arr+ <r L(0 Wi, 

(7T + 5y m P r (y(w n , z n - z n+1 )w n+1 ); z[,..., 4-i > 4+15 r ')- 

(7.22) 

is absolutely convergent and is a linear combination of absolutely convergent 
series of the form 

E F $i,...,%-i,$ n +i( Wl > • • • ' w "-i> p r(yn(w n , z n - z n+1 )w n+1 ); 

rgK 

*1) ■ • • j £71— 1 j ^n+1) ^ ) (7-23) 

for suitable intertwining operators j^i, • • • , 34- 1, 34 and 34+i- Moreover, 
there exist suitable intertwining operators 34 and 34+i sucn that (|7.23|) is 
equal to 

F yi,..,y n +i( Wl i • • • ' Wn +^ z i> ■ ■ ■ ' r ) ( 7 - 24 ) 

which is in J r U ;i,...,to n+ i- Thus, (|7.22j) as a linear combination of elements of 
the form ()7.24|) is also in J- wlr .. jWn+1 . By (I7.21j) . we see that 

F yu-,y n +i( w i, ■ ■ ■ , ™n+i; «i, • • • , z»+i; r ) 
is also in F wl) ... iWn+1 . I 

Remark 7.4 Let Wi = • • • = W n = V. Assume that Wi for i = 1, . . . , n are 
irreducible. Then any intertwining operator of type ) is when Wi 

is not isomorphic to Wi+i and is a multiple of the vertex operator Y^. for 
the V -module W, when W, is isomorphic (and then is identified with) Wj + i. 
In this case, if we take Wi = (W(l)) _1 fj G V for i = 1, . . . , n, Theorem 17.31 
gives the modular invariance result proved by Zhu in [Z]. Similarly, if we 
take all but one of the ^-modules Wi, . . . , W n to be V, Theorem 17.31 gives 
the generalization of Zhu's result by Miyamoto in |Mlj . 
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Remark 7.5 If we replace Conditions 1 and 3 by the conditions that for 
n < 0, V( n ) = and every V^-module is C 2 -cofinite, then the conclusions of 
Theorems 17.21 and 17.31 are also true. 

Remark 7.6 Geometrically, Theorems 17.11 and 17.31 and the fact that the 
coefficients of the system ()3.5|) is doubly-periodic in 1 and r actually say that 
the space of the solutions of the system (|3.5j) - (|3.fij) and the space J r wlt ... tWn+1 
are the spaces of (multivalued) global sections of some vector bundles with 
flat connections over the moduli space of genus-one Riemann surfaces with 
n punctures and standard local coordinates vanishing at these punctures. 



References 

[ABD] T. Abe, G. Buhl, C. Dong, Rationality, regularity, and Cv 
cofiniteness, |mathTQ A/0204021 , to appear. 

[AM] G. Anderson and G. Moore, Rationality in conformal field theory, 
Comm. Math. Phys.117 (1988), 441-450. 

[DLM] C. Dong, H. Li and G. Mason, Modular-invariance of trace func- 
tions in orbifold theory and generalized Moonshine, Comm. Math. 
Phys. 214 (2000), 1-56. 

[FD] B. Farb and R. K. Dennis, and Noncommutative algebra, Graduate 
Texts in Mathematics, Vol. 144. Springer- Verlag, New York, 1993. 

[FB] E. Frenkel and D. Ben-Zvi, Vertex algebras and algebraic curves, 
Mathematical Surveys and Monographs, Vol. 88, Amer. Math. 
Soc, Providence, 2001. 

[FHL] I. B. Frenkel, Y.-Z. Huang and J. Lepowsky, On axiomatic ap- 
proaches to vertex operator algebras and modules, preprint, 1989; 
Memoirs Amer. Math. Soc. 104, 1993. 

[FZ] I. B. Frenkel and Y. Zhu, Vertex operator algebras associated to 
representations of affine and Virasoro algebras, Duke Math. J. 66 
(1992), 123-168. 



68 



[FLM] I. B. Frenkel, J. Lepowsky, and A. Meurman, Vertex operator alge- 
bras and the Monster, Pure and Appl. Math., Vol. 134, Academic 
Press, New York, 1988. 

[HI] Y.-Z. Huang, A theory of tensor products for module categories 
for a vertex operator algebra, IV, J. Pure Appl. Alg. 100 (1995), 
173-216. 

[H2] Y.-Z. Huang, Virasoro vertex operator algebras, (nonmeromorphic) 
operator product expansion and the tensor product theory, J. Alg. 
182 (1996), 201-234. 

[H3] Y.-Z. Huang, Two-dimensional conformal geometry and vertex op- 
erator algebras, Progress in Mathematics, Vol. 148, Birkhauser, 
Boston, 1997. 

[H4] Y.-Z. Huang, Intertwining operator algebras, genus-zero modular 
functors and genus-zero conformal field theories, in: Operads: Pro- 
ceedings of Renaissance Conferences, ed. J.-L. Loday, J. Stasheff, 
and A. A. Voronov, Contemporary Math., Vol. 202, Amer. Math. 
Soc, Providence, 1997, 335-355. 

[H5] Y.-Z. Huang, Genus-zero modular functors and intertwining oper- 
ator algebras, Internal J. Math. 9 (1998), 845-863. 

[H6] Y.-Z. Huang, A functional-analytic theory of vertex (operator) al- 
gebras, I, Comm. Math. Phys. 204 (1999), 61-84. 

[H7] Y.-Z. Huang, Generalized rationality and a "Jacobi identity" for 
intertwining operator algebras, Selecta Math. (N. S.), 6 (2000), 
225-267. 

[H8] Y.-Z. Huang, A functional-analytic theory of vertex (operator) al- 
gebras, II, to appear. 

[H9] Y.-Z. Huang, Differential equations and intertwining operators, to 
appear. 

[H10] Y.-Z. Huang, Vertex operator algebras and the Verlinde conjecture, 
59 pages, to appear. 



69 



[Hll] Y.-Z. Huang, Rigidity and modularity of vertex tensor categories, 
in preparation. 

[HL1] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for 
module categories for a vertex operator algebra, I, Selecta Math. 
(N.S.) 1 (1995), 699-756. 

[HL2] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for 
module categories for a vertex operator algebra, II, Selecta Math. 
(N.S.) 1 (1995), 757-786. 

[HL3] Y.-Z. Huang and J. Lepowsky, Tensor products of modules for a 
vertex operator algebra and vertex tensor categories, in: Lie Theory 
and Geometry, in honor of Bertram Kostant, ed. R. Brylinski, J.-L. 
Brylinski, V. Guillemin, V. Kac, Birkhauser, Boston, 1994, 349- 
383. 

[HL4] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for 
module categories for a vertex operator algebra, III, J. Pure Appl. 
Alg. 100 (1995), 141-171. 

[J] N. Jacobson, Basic algebra II, Second Edition, W. H. Freeman and 

Company, New York, 1989. 

[K] N. Koblitz, Introduction to elliptic curves and modular forms, Sec- 

ond Edition, Graduate Texts in Mathematics, Vol. 97, Springer- 
Verlag, New York, 1993. 

[La] S. Lang, Elliptic functions, Graduate Texts in Mathematics, Vol. 
112, Springer- Verlag, New York, 1987. 

[Li] H. Li, Determining fusion rules by A(l / )-modules and bimodules, 

J. Alg. 212 (1999), 515-556. 

[Ml] M. Miyamoto, Intertwining operators and modular invariance, to 
appear. 

[M2] M. Miyamoto, Modular invariance of vertex operator algebras sat- 
isfying CVcofiniteness, to appear. 

[MSI] G. Moore and N. Seiberg, Classical and quantum conformal field 
theory, Comm. Math. Phys. 123 (1989), 177-254. 



70 



[MS2] G. Moore and N. Seiberg, Polynomial equations for rational con- 
formal field theories, Phys. Lett. B212 (1988), 451-460. 

[SI] G. Segal, The definition of conformal field theory, in: Differential 

geometrical methods in theoretical physics (Como, 1987), NATO 
Adv. Sci. Inst. Ser. C Math. Phys. Sci., 250, Kluwer Acad. Publ., 
Dordrecht, 1988, 165-171. 

[S2] G. B. Segal, The definition of conformal field theory, preprint, 1988. 

[S3] G. B. Segal, Two-dimensional conformal field theories and modular 
functors, in: Proceedings of the IXth International Congress on 
Mathematical Physics, Swansea, 1988, Hilger, Bristol, 1989, 22- 
37. 

[V] E. Verlinde, Fusion rules and modular transformations in 2D con- 

formal field theory, Nucl. Phys. B300 (1988), 360-376. 

[Z] Y. Zhu, Modular invariance of characters of vertex operator alge- 

bras, J. Amer. Math. Soc. 9 (1996), 237-307. 

Department of Mathematics, Rutgers University, 110 Frelinghuysen 

Rd., Piscataway, NJ 08854-8019 

E-mail address: yzhuang@math.rutgers.edu 



71 



